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CHAPTER I 


INTRODUCTION 

It is well known that the electromagnetic (EM) scattering 
properties of a body are a function of both, its geometrical and 
electrical (or material) parameters. In the last few years, there has 
been a renewed interest in understanding the effect of the material 
properties of a body on its EM scattering behavior. This subject is of 
great importance in many applications. Radar absorbing materials are 
often used to cover targets in order to reduce their EM scattering; 
however, in most cases the materials are designed to reduce the specular 
contributions [1] from the body without taking into account the 
diffraction from edges of the absorber coatings, creeping waves, and 
surface waves on the coatings. Thus, it is necessary to examine the 
effect that the material properties have on these non-specular 
contributions to the scattered field which may dominate over a certain 
range of aspects. Figure 1.1 shows an aircraft which is covered by an 
absorber in several places to control its EM echo area. Furthermore, 
since a typical airplane has many antennas mounted on its surface, the 
absorbers, which are not perfectly conducting materials,, will have an 
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Figure 1.1. Absorber coated aircraft. 
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important effect on the radiation patterns of the antennas. As 
mentioned in Reference [2], when the radiation patterns of antennas 
mounted on a small private aircraft were being studied, it was found 
that the windshield scattering was a major contributor to the total 
pattern. 

Single layer and multilayered coated surfaces have been 
investigated using a transmission line approach [3], however, this 
approach does not consider diffraction effects. Computer programs have 
also been developed [4,5] to solve the integral equations for the 
surface fields on two-dimensional bodies subject to the impedance 
boundary conditions. These programs can calculate the values of 


'impedances which will minimize the backscattenng from objects of 


various shapes. 


Another important approach to solve these types of problems are the 


high frequency approximation techniques such as the geometrical theory 
of diffraction (GTD) and its uniform version, the uniform geometrical 


theory of diffraction (UTD) which has been used with great success to 


solve a wide variety of electromagnetic problems. One great advantage 
of high frequency solutions such as UTD over other types of solutions is 


that complex structures can be modelled by simpler ones whose solutions 
are known. 


The Geometrical Theory of Diffraction (GTD) was developed around 
1951 by J.B. Keller [6,7,8], The GTD is a significant extension of 
classical geometrical optics (GO) in which a class of diffracted rays 
are systematically introduced in addition to the usual GO rays. 
According to the GTD, diffracted rays originate from certain localized 
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regions of a radiating/scattering structure such as at discontinuities 
in the geometrical and electrical properties of the structure. 
Furthermore, diffracted rays can also be produced at points of grazing 
incidence on a smooth convex surface. The diffracted rays, like the 
ordinary GO rays, satisfy the generalized Fermat's principle [6] 
proposed by Keller. 

The initial value of a diffracted ray is given in terms of a 
diffraction coefficient which plays a role analogous to the reflection 
and transmission coefficients of the GO reflected and transmitted rays. 
These diffraction coefficients can be found from the asymptotic 
solutions to appropriate canonical problems, i.e., half-plane. These 
canonical problems are usually simple geometries which locally simulate 
parts of a complex structure that dominate the reflection, transmission 
and diffraction effects. 

One defect of the GTD is that it fails in the transition region 
adjacent to shadow and reflection boundaries. In order to overcome this 
and other limitations, the uniform geometrical theory of diffraction 
(UTD) has been introduced [9,10,11], The UTD requires that the 
diffracted field compensate the discontinuity in the GO field at the 
shadow and reflection boundaries so that the total high-frequency field 
is continuous everywhere away from the radiating or scattering body. It 
is noted that the diffracted field generally assumes its largest value 
near these boundaries where the GTD fails. 

The object of this study is to obtain an approximate UTD solution 
to the problem of scattering by a thin dielectric/ferrite half-plane 
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either by itself or when it is placed on a perfect conductor of 
electricity or magnetism as shown in Figures 1.2 and 1.3. The 
half-plane in Figures 1.2 and 1.3 can be excited by either an obliquely 
incident EM plane or surface wave field. In the present work, the 
thickness of the dielectric/ferrite half-plane is restricted so that 
only the dominant TE and TM type surface wave fields can exist at any 
given operating frequency. This problem has many applications in the 
study of diffraction by dielectric/ferrite obstacles with edges as 
shown in Figure 1.1, and in the theory of surface wave antennas. 
Furthermore, it is an important canonical problem for the UTD since it 
extends the UTD edge diffraction solutions from perfectly conducting to 
penetrable geometries. As shown in Chapter VI, the solution to the 
problem of the diffraction by the dielectric/ferrite half-plane of 
Figure 1.2 will be synthesized from the solutions to the related 
problems of the diffraction by a dielectric/ferrite half-plane of half 
the original thickness when it is placed on perfectly conducting 
electric or magnetic surfaces of infinite extent as depicted in Figure 
1.3. This geometry pertaining to the latter set of problems, which is 
referred to throughout this report as the dielectric/ferrite bisection, 
can be excited by either an obliquely incident plane or surface wave 
field. 


An interesting phenomenon which does not take place in the case of 
diffraction by a perfectly conducting half-plane is the coupling between 
the TE and TM modes which is present in the dielectric/ferrite 
half-plane case. This coupling exists only for an obliquely incident 
field. Thus, for the special case of normal incidence on the edge. 


5 



/ 

/ 


/ 

/ 



Obliquely incident arbitrary ray optical field. 



Obliquely indident surface wave field. 


Figure 1.2. Dielectric/ferrite half-plane problem. Note that TE and TM 
signify that both a transverse electric and magnetic 
polarizations are included in the total solution. 
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which is depicted in Figure 1.4, there is no coupling between the TE and 
TM modes and obviously its solution is less complicated. 

The problem of the diffraction by a dielectric half-plane has been 
studied by several authors in the past. Pistol 'kors [12] uses the 
Fresnel reflection coefficient of the dielectric half-plane in a vector 
Kirchhoff approximation. His solution violates reciprocity except in 
the shadow boundary directions, and he does not include surface waves. 
Khrebet [13] also uses the Fresnel reflection coefficient to 
approximately satisfy the boundary conditions on the field which in turn 
is expressed in terms of an integral representation similar to 
Oberhettinger's half-plane diffraction integral [14]. As in 
Pistol 'kor's case, the solution obtained by Khrebet also does not 
include surface waves, and it does not satisfy reciprocity except in the 
directions of the shadow boundaries. Mohsen and Hamid [15,16] solved 
the problem of the diffraction by a dielectric loaded, perfectly 
conducting wedge. Their solution is similar to Khrebet 's solution 
except that they use the more general Oberhettinger wedge diffraction 
type integral. More recently, Anderson [17] has solved the problem of 
the diffraction by a thin dielectric half-plane by replacing the 
dielectric with an equivalent polarization current sheet. He solves only 
for the TM Z polarization using the Wiener-Hopf procedure, and his 
solution can not be directly extended to the other polarization. 
Furthermore, Anderson considers only the special case of normal 
incidence. Burnside [2] has proposed a heuristic extension of the UTD 
solution for a perfectly-conducting wedge to treat the diffraction by a 
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Dielectric/ferrite bisection problem. 

Figure 1.4. Normal incident case. 
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lossless dielectric half-plane by incorporating the Fresnel reflection 
and transmission coefficients for a dielectric slab. This solution 
which is somewhat similar to that in [13,15,16] has been shown [18,19] 
to give good accuracy for angles of incidence away from grazing. 

However, it also does not satisfy reciprocity away from the optical 
shadow boundaries and it does not include the surface waves excited at 
the edge of the half-plane, which are important in many applications. 
Nevertheless, unlike the previous two-dimensional solutions [13,15,16], 
the solution in [2] has been developed to approximately analyze both the 
two dimensional as well as the three-dimensional case of obliquely 
incident EM plane and spherical waves on the edge of a dielectric 
half-plane. 

As mentioned earlier, the solution to the problem of the 
diffraction by a dielectric/ferrite half-plane in Figure 1.2 is 
synthesized in the present work from the solutions to the bisection 
problems shown in Figure 1.3, which can have an even or odd excitation. 
The dielectric/ferrite bisection (DFB) problem is still a fairly 
complicated problem, so the solution to the DFB problem of Figure 1.3 is 
obtained approximately via UTD considerations from the solution to the 
related problem of the diffraction by a two-part planar surface in which 
one part is a perfect conductor (of electricity or magnetism) and the 
other part is an impedance surface as shown in Figure 2.5. The new 
geometry, which is depicted in Figure 2.5, is referred to as the 
impedance bisection and it is amenable to solution by the Wiener-Hopf 
technique. Since it is desirable to deal with a scalar problem rather 
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than a vector problem, the scalarization of the impedance bisection 
problem is addressed in Chapter II together with the details of the 
original DFB problem. It is shown that the field or vector potential 
components that seal arize the vector problem depend on whether the 
incident field is obliquely or normally incident on the edge. 

As stated before, there is no coupling between the TE and TM fields 
for the special case of normal incidence, which makes it simpler than 
the more general case of oblique incidence. Thus, in Chapter III, the 
impedance bisection problem for the case of normal incidence is solved 
first, using the Wiener-Hopf method. The Wiener-Hopf equation is 
obtained by Jones' method, which is briefly described in Section 0 of 
Chapter II. It is shown that the solutions to the Wiener-Hopf equations 
for both TE Z and TM Z polarizations can be expressed as integrals, which 
in general can not be integrated in closed form; here, z is parallel to 
the edge formed by the impedance discontinuity. Next, the integrals are 
evaluated asymptotically by the saddle point method. 

The more general case of oblique incidence is discussed in Chapter 
IV. It is shown that identical Wiener-Hopf equations to the ones 
obtained in Chapter III are also obtained for the field components E y 
and Hy which are normal to the surface. However, because of the 
different edge behavior of the normal field components E y and H y in the 
3-D case as compared to those of the tangential, components E z and H z 
used in the 2-D case, the final solutions are not the same in these two 
cases. Furthermore, it is shown that the edge condition requires that 
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there be a coupling between the TM and TE fields as mentioned above. 

J J 

The integral expressions for the fields E y and are then evaluated 
asymptotically by the saddle point method in Chapter IV. 

Having obtained the solutions for the simpler impedance bisection 

problem, the next task is to modify them according to the UTD recipe so 

as to arrive at an approximate but accurate solution to the problem in 

Figure 1.3 and then subsequently synthesize the solution to the problem 

in Figure 1.2. In Chapter V, two methods are discussed for obtaining 

the DFB solutions from the impedance bisection solutions already 

obtained in Chapters III and IV. The first method addresses the problem 

of obtaining a value for the impedance Z $ in terms of the permeability, 

permittivity, and thickness of the grounded dielectric/ferrite 

half-plane. The second method, which is considered more accurate than 

the first one, starts by casting the impedance bisection solutions into 

the UTD form involving reflection and diffraction coefficients, and also 

the surface wave propagation (c ) and attenuation (? a ) vectors, 

P a 

respectively. Note that the vectors, c and c can be easily obtained 

p a 

from the surface wave field parameters 3 and a. The reflection 
coefficients, and the surface wave constants a and 3 of the IBS are 
replaced by the corresponding exact coefficients for the grounded 
dielectric/ferrite slab case which are well known. It is noted that 
for a specific c p , y r , and kd, the a and 3 must be computed from the 
roots of a transcendental equation. Once this is done, the exact 
geometrical optics field for the grounded dielectric/ferrite slab is 
obtained. Also, the resulting diffracted field for the 
dielectric/ferrite bisection (DFB) case of Figure 1.3 maintains 
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continuity of the total field at the reflection shadow boundary. 

However, an additional minor modification is introduced heuristical ly in 
the resulting diffracted field so that it now also satisfies 
reciprocity. 

Since the final goal of this study is to obtain the solution for 
the half-plane problem of Figure 1.2, Chapter VI discusses the manner in 
which the dielectric/ferrite bisection solutions are superposed to 
obtain the solution for this dielectric/ferrite half-plane problem. 
Furthermore, it is also shown in this chapter how the geometrical 
optics and diffracted fields can be written in a compact form by 
expressing these fields in their natural "ray-fixed" coordinate systems. 

In order to verify the accuracy of the results for the half-plane 
problem of Figure 1.2, the UTD solutions developed in this study are 
used to compute the scattering by a dielectric/ferrite strip which can 
be excited by either a plane wave or a line source. These solutions are 
compared with the solutions obtained via the moment method (MM). 

Chapter VII discusses the moment method solution for a dielectric strip. 
In this chapter, the impedance matrix is computed for the general case 
of oblique incidence by a plane wave of TE or TM polarization. It is 
shown that the impedance matrix can be simplified when the plane wave is 
normally incident or for the case of line source excitation. 

In Chapter VIII, the UTD solutions for the dielectric strip are 
compared with the independent moment method solutions, and both results 
are shown to agree very well. It is shown how the UTD solutions give 
insight into the type of scattering that occurs from the strip. 

Examples are shown, where by adding more surface wave interactions on 
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the strip, the agreement between the UTD and moment method solutions 
improves for near grazing angles of incidence on the strip. As 
expected, these surface wave effects become significant for grazing 
angles of incidence and diffraction. Thus, a useful characteristic of 
the UTD technique is identified, which is that the UTD provides a means 
of pinpointing the significant contributions to the total scattered 
field that can arise from different parts of a complex structure. 
Furthermore, the limitations of the new UTD solutions obtained in 
Chapters III through VI and further areas of research related to this 
topic are also discussed in Chapter VIII. Finally, in Appendices A 
through L, various analytical details are given. 

Note that a dielectric/ferrite slab can sustain several surface 
wave inodes. However, as mentioned in the beginning, it is assumed in 
this study that the thickness, permittivity, and permeability of the 
slab are adjusted such that only the lowest order (even) surface wave 
mode can propagate. Under this restriction, the solution of the 
half-plane problem may be constructed approximately with the assumption 
that the dielectric/ferrite half-plane has one equivalent diffracting 
edge only, even though a half-plane of finite thickness has actually 
two edges instead of one. It is found that very accurate solutions for 
engineering applications can be obtained under this approximation when 
the thickness does not exceed one quarter of a wavelength inside the 
dielectric/ferrite medium. 
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Before proceeding to the development of the UTD solutions for the 
problems in Figures 1.2 and 1.3, it is worthwhile at this juncture to 
comment on the notation and time convention employed in this work. 

Since the Wiener-Hopf technique is heavily used in the development 
which follows, the time convention will be adopted for ease of 

notation and suppressed from now on. As a result of this convention. 
Maxwell's equations in a homogeneous, isotropic and source-free region 
take the following form: 

+ * 

V x E = i u>u H = ikn Q H 

V x H = -iwe E = -ikY Q £ 

7 • E = 0 

7 • H = 0 


( 1 . 1 ) 

( 1 . 2 ) 

(1.3) 

(1.4) 


■f •> 

where E is the electric field, H is the magnetic field, to is the angular 
frequency, n Q is the free-space impedance, and Y Q is the free-space 
admittance. 

The dielectric/ferrite media to be considered here can be 
completely specified by the complex permeability y and complex 
permittivity e which are complex numbers in the first quadrant such that 


+ ie" 

with 

(s', e") > 0 

9 

(1.5) 

+ iu" 

with 

(u\ y") > 0 

• 

(1.6) 
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The complex wave number k is also located in the first quadrant, and it 
is written as 

k = k p + ikj with (k p , kj) > 0 . (1.7) 

Because the Fourier transform will be used throughout this report, 
it is convenient to discuss the notation at this point. The function 

A 

F(s) will denote the Fourier transform of the spatial domain function 
f(x). The Fourier Transform in the complex s-plane is defined in 
Appendix A where its most important properties relevant to the 
Wiener-Hopf technique are summarized. 



CHAPTER II 


FORMULATION OF THE PROBLEM 
A. STATEMENT OF THE PROBLEM 

As mentioned in Chapter I, the main canonical problem considered 
here is the EM diffraction by a thin dielectric/ferrite half-plane as 
shown in Figure 1.2 which is excited by a plane or surface wave field. 

It is, of course, recalled that the solution to this canonical problem 
in Figure 1.2 is synthesized in terms of the other two related canonical 
problems depicted in Figure 1.3. First, consider the case of plane wave 
excitation as illustrated in Figure 2.1, where u 1 is the plane wave 
incident on the dielectric/ferrite half-plane and (Uj.Ug), as defined 
below, represent the total field at the observation point (x,y,z). It 
will be shown in Sections B and C, where the vector problem is 
seal ari zed, that for the case of oblique incidence on the edge of the 
half-plane, it is convenient to define u 1 , Uj and u ? as 


u 1 (x,y,z) = E y (x,y,z) or H y (x,y,z) 


( 2 . 1 ) 


u 1 (x,y,z) = E y (x,y,z) 


( 2 . 2 ) 
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u 2 (x,y,z) = H y (x,y,z) 


(2.3) 


Note that both E y and H y are non-zero for oblique incidence, because a 
coupling occurs between these two field components. 

On the other hand, for the special case of normal incidence to the 
edge of the half-plane, it is convenient to define u 1 , u^ and u 2 as: 

u 1 (x,y,z) = u 1 (x,y) = E z (x,y) or H z (x,y) (2.4) 

Uj(x,y,z) = Uj(x,y) = u(x,y) = E z (x,y) or H z (x,y) (2.5) 

u 2 (x,y) = 0 . (2.6) 

It is clear from the definitions in Equations (2.4), (2.5) and 
(2.6), that u\ Uj and u 2 are replaced by u and u only. It is shown 
later that no coupling exists between E z and H z for the case of normal 
incidence because one can deal independently with either E z alone or H z 
alone, respectively. 

Specifically, the approach for solving the half-plane diffraction 
problem of Figure 2.1 consists of the following steps. First of all, 
the incident field is expressed as the superposition of four incident 
plane waves as indicated in Figure 2.2. In other words, the original 
problem is expressed as the superposition of even and odd excitations. 

It follows that the total fields u® and u 2 are even functions of y, 
that is 

u®(x,y,z) = u®(x,-y,z) (2.7) 
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u®(x,y,z) = u®(x,-y,z) 


( 2 . 8 ) 


while the fields u° and are odd functions of y such that 

u°(x,y,z) * -u°(x,-y,z) (2.9) 

^(x.y.z) = -u^x.-y.z) . (2.10) 

Because of Equations (2.7) through (2.10) the configuration with 
symmetrical or even excitation will be referred to as the even problem, 
while the configuration with the asymmetrical or odd excitation will be 
referred to as the odd problem. Due to the even and odd symmetry of the 
solutions, it is enough to solve the even and odd problems for the 
half-space y>0. 

After solving the even and odd problems individually, the total 

6 0 

field u(x,y,z) is obtained by a simple superposition of u and u . 

Thus, 

u i(x,y,z) = u®(x,|y|,z) + sign(y)u°(x, |y | ,z) (2.11) 

and 

u 2( x »y» z ) = u 2 ( x » I y I »z) + Slgn(y)u2(x,|y|,z) . (2.12) 

Using image theory [20], one can obtain problems equivalent to the 
even and odd configurations as depicted in Figure 2.3. The 
configuration corresponding to the even problem will be referred to as 
the even bisection problem, while the configuration pertaining to the 
odd problem will be referred to as the odd bisection problem. 
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Figure 2.2. Decomposition of incident field into symmetrical and 
asymmetrical excitation. 



Next, consider the case of surface wave excitation. As in the case 


of plane wave excitation. 


u isw (x ,y,z) = Ey SW (x,y,z) or H y 1SW (x,y,z) 


for oblique incidence, or 


(2.13) 


u 1SW (x,y) = E^ sw (x,y) or C"(x,y) 


^SW, 


(2.14) 


for the special case of normal incidence. 

It is well known [21] that surface wave modes guided along a 
dielectric/ferrite slab can be classified as even or odd modes. Thus, 
an equivalent problem for an even mode incident surface wave field is 
the even bisection problem shown in Figure 2.4. On the other hand, if 
the incident surface wave is an odd mode, the equivalent problem is the 
odd-bisection problem which is also depicted in Figure 2.4. 

The even and odd bisection problems are still fairly complicated, 
so the next step in this procedure is to temporarily replace the thin 
grounded dielectric/ferrite slab by an impedance wall as shown in Figure 
2.5. The reason for doing this is because the simpler impedance 
boundary contains all the essential characteristics of the thin grounded 
dielectric/ferrite slab and because the latter impedance configuration 
can be analyzed directly by the Wiener-Hopf procedure. This technique of 
replacing the original boundary value problem by an approximate 
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Figure 2.3. Symmetrical and asymmetrical configurations are replaced by 
the even and odd dielectric/ferrite bisections, 
respectively. 
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impedance boundary condition, also known as the Leontovich boundary 
condition, has been used extensively in the past [21,22,23% It has 
been found that the surface impedance boundary conditions provide a 
useful model in analyzing the effect of the material properties e r and 
y r on edge diffraction. Once the solutions to the two part impedance 
problems in Figure 2.5 are obtained, they can be modified heuri stical ly 
via the UTD recipe to arrive at the solutions to the canonical 
dielectric/ferrite bisection problems of Figures 2.3 and 2.4, or of 
Figure 1.3. Finally, the solution to the canonical problem in Figure 
1.2 can be constructed directly via a superposition of the even and odd 
bisection solutions. 

B. SCALAR I ZAT ION OF THE 3-D VECTOR PROBLEM (OBLIQUE INCIDENCE) 

The canonical problem that is considered in this section is 

* * 

illustrated in Figure 2.6. The electric field E and magnetic field H 
satisfy the Helmholtz vector equation 

(V 2 + k 2 )E = 0 , y > 0, | x | and | z | <«* (2.15) 

and 

(V 2 + k 2 ) H = 0 , y > 0, | x | and |z|<~ (2.16) 

where k is the free space wave number which is given by 

k = IT = a) 4^ . (2.17) 


24 




MAGNETIC WALL 


ODD MODE 


if ) 

Ih J 


Figure 2.4. Even and odd incident surface wave. 
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Figure 2.5. Dielectric/ferrite bisection is replaced by impedance 
bisection. 
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The fields E and H also satisfy the following boundary conditions: 

E - (y.E) y = Z s y x H > x < 0, y = 0, |z|<- (2.18) 

or 

E x = Z s H z ; E z = - Z s H x » x < 0, y = 0, |z|<- (2.19) 

which constitute the impedance or Leontovich boundary conditions and 

y x E = 0 t x > 0, y = 0, |z|<® (2.20) 

or 

E x - 0; E z = ° , x > 0, y = 0, |z|«* (2.21) 

on a perfect electric conductor. When the region {x > 0, y = 0, jzj<®}, 
is a perfect magnetic conductor, one requires 

y x H = 0 , x > 0, y - 0, |z|<- (2.22) 

or 

H x - 0; H z = ° , X > 0, y = 0, |z|<« . (2.23) 

It is simpler to solve a scalar problem than a vector problem, thus, the 
goal of this section is to scalarize the canonical problem depicted in 
Figure 2.6. In other words, it is desirable to have decoupled scalar 
boundary conditions, and scalar differential equations. This can be 
accomplished in two ways: 

(1) Choose the normal field components (Ey, Hy) to decouple the 
Leontovich boundary condition. 
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To prove this statement, one starts with Maxwell equations in a 
source-free, homogeneous, isotropic medium. These equations are given 
in (1.1) through (1.4). 

Next, the tangential derivatives of Equation (2.19) are taken. 

That is, the derivatives with respect to x and z such that 

for x < 0, y = 0, |z|<«* (2.24) 

for x < 0, y = 0, |z|<» (2.25) 

for x < 0, y = 0, |z|<» (2.26) 

for x < 0, y = 0, |z|<» . (2.27) 

Adding Equations (2.25) and (2.26) and using Equation (1.2), one gets 

3E x 3E Z pH z 9H X -1 Z s 

3x + 3z = Zs L_3x “ 3z _J = ik tiq Ey f (2.28) 

x < 0, y = 0, | z | <« . 

Subtracting Equation (2.27) from Equation (2.24), and using 
Equation (1.1) yields 

3E X 3E Z r-3H z 3H X — I 

3z " 3x = iknoHy = Z s | 3 Z + a3r"_J , (2.29) 

x < 0, y = 0, |z|<«» . 


3E 


_x 

3z 


= Z 


3H 2 
S 3z 


3E; 


3H V 


-Z. 


3Z S dz 




= Z 


ou 

VI 1^ 


3x S 3x 


3E, 


3H, 


= -Z 


3x S 3x 
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Substituting Equation (1.3) into the left-hand side of Equation 
(2.28), one finally obtains 

3E Z 

-gy + ik no E y = 0 » x < 0, y = o, |z|<- (2.30) 

which is one of the decoupled Leontovich boundary conditions. The other 
decoupled boundary condition is obtained by substituting Equation (1.4) 
into the right side of Equation (2.29), that is 

3H V no . . 

ly + ik 17 H y = 0 » x < 0, y = 0, |z|<« . (2.31) 

To obtain the boundary conditions for the region {x > 0, y = 0, | z | <«»} 
one can follow the same procedure as above, but there is a simpler way 
of obtaining them by using the results already derived above. 

If the half-plane described by {x > 0, y = 0, | z |<® } is a perfect 
electric conductor, which is the limiting case of Z s approaching zero, 
it follows from Equations (2.30) and (2.31) that 


9Ey 

IF = 0 

X 

V 

O 

<< 

II 

O 

w 

|z|<« 

(2.32) 

and 





Hy = 0 

, x > 

0 

II 

>V 

O 

|z|<“ • 

(2.33) 

On the other 

hand, if the 

half -plane 

described by {x > 0, y = 0, 

l z l<»} 


is a perfect magnetic conductor, which is the limiting case of Z s + <*>, 
one obtains from Equation (2.30) and (2.31) the following expressions: 

Ey = 0 , x > 0, y = 0, |z|<® (2.34) 

and 
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x > 0, y 5 0, |z|o 


(2.35) 


3Hy 

ly = 0 


Thus, the decoupling of the boundary conditions has been 
accomplished. It is straightforward to decouple the Helmholtz vector 
equation. This is done by rewriting equations (2.15) and (2.16) in 
rectangular coordinates such that 


2 2 p 

(V + k ) Ey - |j 


3 

3 ? 


ay 


3Z 


+ k 


! ] 


E y = 0 


(2.36) 


y > 0, | x | and |z|<« 


* 

\ * 


2 

u \ u 

* t M y 



y > 0, | x | and |z|o 


( O '*l\ 


This shows that Ey and Hy satisfy Helmholtz scalar equation and 

rnmnlpfoc tho cra1an’7af inn nf tho nn'ninal x/ortnr nrnhlam. 

r • ~ • ■— -w.w-.. ~ ~ u ■ — • . ~ ~ ~ ~ . r ■ ~ ~ • * 

4- A 4 A 

(2) Choose the vector potentials A = y Ay and Ey = y Ey to 
decouple the Leontovich boundary condition. 

It follows from [20], and the Lorentz condition for the potentials, 

4 4 

that the fields E and H can be expressed in terms of Ay and F y as 
follows: 


E = - VX(yFy) + ikn c 


yAy + V(V-(yA y )) 


and 


H = VX(yAy) + i k Y 0 


yFy + V(V*(yFy) ) 
_ k 2 y ■ 


(2.38) 


(2.39) 
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where Ay and Fy satisfy the Helmholtz scalar equation, that is 


/ 2 2 
(7 + k ) A, 


2 2 2 
3 3 3 ^ 


= ^ + ^7 + IF + k J A y - 0 . (2.40) 

y > 0, Ixl and I z I <«* 


(j2 + k2 > ♦ I? ♦ k ’~ = ° . 


(2.41) 


y > 0, | x | and |z|o , 

Thus, the differential equation has been already decoupled, and the next 
step is to decouple the boundary condition given by Equation (2,19). 

First, replacing E x , E z , H x and H 2 in Equations (2.19)-(2.23) by 
the expressions given in Equations (2.38) and (2.39), one obtains 


Z.A.. + 


, 3A 

i y 

3 

Z 3F ' 
y 

ikY 3y 
o J 

3x 

F y + ikn Q 3y 



ft 

O 

V 

X 


(2.42) 


x < 0, y = 0, z <« 


3 

i 9A , 

7 A 4- 

3 

Z p 3F 
s y 

3x 

s y ikY o 3y 

3z 

F + . i 

y ikri 0 3 y 


for the impedance wall. Likewise, one obtains 


(2.43) 


x < 0, y = 0, | z I <«. 


1 3 

3z *- F y^ = i k Y Q 3x 3y" 


’ 3x ^y-' “ 


1 3 


i k Y 3z 3y ’ (2.44) 

o J 

X > 0 , y * 0, I z I <00 . 
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for a perfect electric conductor, and 

3 13 3 

» 3x ^Ay] “ ikn Q 3z 3y F y * (2.45) 

x > 0, y = 0, | z | <oo 

for a perfect magnetic conductor. 

Next, one arbitrarily assumes that the following two equations are 
satisfied by A and F ; namely, 

J J 



1 3Ay 

Zs Ay + 3y = o , x < 0, y=0, |z|<- 


(2.46) 


and 

Z s aF y 

F y + il<no W~ = 0 , x < 0, y=0, |z|<» . (2.47) 

Using the Expressions (2.46) and (2.47) in Equations (2.42) and 
(2.43), it is easy to see that both Equations (2,42) and (2,43) are 
simultaneously satisfied. It follows that the original assumptions 
(2.46) and (2.47) are indeed correct. Rewriting (2.46) and (2.47), one 
gets for the impedance wall, 

A y = 0 , x < 0, y = 0, |z|<» (2.48) 




x < 0, y = 0, |z|<» (2.49) 


which are the decoupled Leontovich boundary conditions for A y and F y , 


33 


Now, assume the following two equations are true for the perfect 
electric conductor: 

3 \ 

F y = 0; 3y~ = ° » x > 0, y = 0, |z|<« . (2.50) 

Substituting (2.50) into (2.44) one verifies that both expressions in 
Equation (2.44) are simultaneously satisfied. Therefore, the original 
assumption given by Equation (2.50) is correct. 

Finally, assume that the following is true for the perfect magnetic 
conductor: 

3F y 

Ay = 0; -§y- =0 , x > 0, y = 0, |zj<« . (2.51) 

3F y 

Again, substituting for A y and ■jjy - in Equation (2.45) by the expressions 
given in Equation (2.51), one concludes that both expressions in 

Equation (2.45) are simultaneously satisfied. It follows that the 
expressions in Equation (2.51) are also true. 

Thus, by choosing the normal vector potentials Ay and Fy, one can 
also scalarize the original vector problem. 

C. SCALAR I ZAT I ON OF THE 2-D VECTOR PROBLEM (NORMAL INCIDENCE) 

As in the more general case of oblique incidence, the vector 
problem for the special case of normal incidence can also be seal ari zed 
in two ways: 

(1) Choose the tangential field components (E z and H z ) to decouple 
the Leontovich boundary conditions. 
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Following a procedure similar to that in Part (1) of Section B, it 
can be shown that the Leontovich boundary condition can be decoupled as 


follows: 

E z = 0 , x < 0, y = 0 (2.52) 

H z =0 t x < 0, y = 0 . (2.53) 

Also, for the case of the perfectly conducting electric wall, the 
boundary conditions satisfied by E z and H z are 

3H z 

E z = 0; jj- = ° , x > 0, y = 0 (2.54) 

and the boundary conditions for the perfectly conducting magnetic wall 
are 

3E Z 

= 0 ; H z = 0 , x > 0, y = 0 . (2.55) 

Next, rewriting Equations (2.15) and (2.16) in rectangular 
coordinates, one obtains 

—^2 3 2 2 — 

(V* + k 2 ) E z = 0 = j ^2 + ^2 + k 2 _ E z = 0, |x|<», y > 0 (2.56) 

(Vj. + k ) H z = 0 = ^2 + + k H z = 0, | x | <°° , y > 0 (2.57) 

which completes the process of seal arizing the original vector problem. 
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(2) Choose the tangential vector potentials (A z , F z ) to decouple 
the Leontovich boundary condition. 

Again, one can follow a similar procedure as in Part (2) of Section 
B to show that the following is true. The tangential vector potentials 
A z and F z satisfy the following decoupled boundary conditions on the 
impedance wal 1 : 

A z =0 , x < 0, y = 0 (2.58) 



F z =0 , x < 0, y = 0 . (2.59) 

On the region {x > 0, y = 0}, A z and F z satisfy the boundary conditions 
given by 
3Fz 

— = 0 ; A z = 0 , x > 0, y = 0 (2.60) 

for a perfect electric conductor, and 
3A 

F z = 0 ; 3^ = 0 , x > 0, y = 0 (2.61) 



for a perfect magnetic conductor. 

As in Part (2) of Section B, it follows from [20] and the Lorentz 
condition that A z and F z satisfy the Helmholtz scalar equation, that is 


(V* + k 2 ) A z (x,y) = 



A z (x,y) = 0 


and 


(V 2 + k 2 ) F z (x,y) = 



F z (x,y) = 0 


(2.62) 


(2.63) 
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In conclusion, for the general case of oblique incidence on the 
edge, the normal field components (E y , H y ) or the normal vector 
potentials (A y , F ) will scalarize the vector problem. On the other 
hand, for the special case of normal incidence on the edge , the 
tangential field components (E z , H z ) or the tangential vector potentials 
(A , F ) will scalarize the original vector problem. Thus, essentially 
what has been done is to transform the vector problem to two scalar 
ones. 

This study will only consider the case when Z $ is a constant and 
scalar, corresponding to a homogeneous, isotropic impedance sheet. For 
the more general case when Z $ is a tensor and is a function of position, 
it is much more difficult and usually not possible to scalarize the 
Leontovich boundary conditions. In [1], Senior studies the case when 
Z s is a tensor, but not a function of position, corresponding to a 
homogeneous, anisotropic impedance sheet. 


D. METHODS OF SOLUTION 

1. Mai iuzhi nets' Method 

As mentioned in [1], there are two basic methods of solution of 
the canonical problem presented in Sections B and C. The first method 
is that of Maliuzhinets [24] and is the more general of the two, because 
it is applicable to wedge-shaped regions as well. The total field is 
expressed in cylindrical coordinates in the form of a Sommerfeld 
integral with an unknown weight function in the integrand which is 
deduced via the use of boundary conditions and complicated function 
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theoretic manipulations. For more details, refer to [24] where only the 
case of normal incidence is considered. 

Different high-frequency approximations of the exact solution 
obtained by Maliuzhinets [24] in 1959 have been derived in [25] through 
[30] for various geometries which are special cases of the wedge. 
Recently, the high frequency solution of Maliuzhinets [24] has been made 
uniformly valid across the shadow boundaries and it has been cast into 
the UTD form [31] which is useful for further generalization of this 
solution. The solution presented in [31] is thus expressed in terms of a 
UTD diffraction coefficient which has the same general structure as that 
for the perfectly conducting wedge [11]. 

2. Wiener-Hopf Method 

The second method which will be used in this study is the 
Wiener-Hopf method. When the fields and currents are expressed in 
cartesian (rectangular) coordinates, the canonical problem presented in 
Sections B and C becomes a planar two-part boundary value problem which 
can be solved by the Wiener-Hopf technique. It can not be solved by the 
more common method of separation of variables because the boundary 
conditions are different in the two semi -infinite regions 
{x < 0, y = 0, | z | <«*} and {x > 0, y = 0, |z|<»}. 

As indicated by Noble [32], there are three basic ways of arriving 
at the Wiener-Hopf equation which must then be solved via the 
Wiener-Hopf procedure. 
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(i) Jones' Method 


This method due to D.S. Jones [33] obtains the Wiener-Hopf equation 
by simply applying Fourier transforms directly to the partial 
differential equation and boundary conditions. One minor disadvantage 
of this method is that sometimes in very complicated problems it may not 
be immediately obvious that the transform equations can be reduced to 
the Wiener-Hopf equation. Jones' method will be used in Chapters III 
and IV to derive the Wiener-Hopf equation. 

(ii) Integral Equation Method 

In this method, the integral equation is usually obtained by the 
Green's function technique. A typical integral equation has the 
following form: 

oo 

] 0(x) g(z-x)dx = q(z) , 0 < z < ® (2.64) 

o 

where g(z-x) and q(z) are known functions, and O(x) is the unknown 
function. The function g(z-x) is usually referred to as the kernel of 
the integral equation and is generally related to a Green's function 
used in the formulation of the integral equation. 

In many cases, it is not obvious which Green's function should be 
chosen, and the Fourier transforms of the kernels (Green's functions) 
introduced by this method may not be easy to obtain. This is completely 
avoided in Jones' method. The main advantage of the integral equation 
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method seems to be that it is very easy to recognize problems that can 
be solved by the Wiener-Hopf technique, because the integral equation in 
(2.64) has a semi-infinite range. For more details refer to [32] and 
[34] where a more complete treatment of this method is done. This 
method will not be used in this study. In [35], Senior obtains the 
solution for the diffraction by an impedance half-plane by solving 
coupled Wiener-Hopf integral equations for the Fourier transforms of the 
electric and magnetic currents. 

(iii) Dual Integral Method 

The main characteristic of this method is that the partial 
differential equation is solved in the transform domain, but unlike 
Jones' method, the solution is inverted to the space-domain where the 
boundary conditions are applied. This gives rise to a pair of coupled 
integral equations. Edge conditions do not appear explicitly in this 
method, but they are assumed implicitly, because one assumes that 
certain orders of integration can be interchanged and certain integrals 
are convergent. After the solution has been completed, one can check if 
these assumptions were valid or not. Questions of rigor and uniqueness 
are not as obviously addressed here as in the first two methods. 

3. Solution of the Wiener-Hopf Equation 

In this section, a brief outline of the formal procedure for 
solving the Wiener-Hopf equation will be given. A more detailed 
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discussion is available in Noble [32], and in Mittra and Lee [34], 

A typical Wiener-Hopf equation is given by 

A A 

F + (x) G(s) = K(s) - C_(s) # T _ < t < x + (2.65) 

A A 

where F + (s) and C_(s) are unknown functions; whereas, K(s) and G(s) are 
known functions. Note that there are two unknown functions and only one 
equation. Furthermore, Equation (2.65) holds only in the strip defined 
by t_ < t < t + of the complex s-plane. With the Wiener-Hopf procedure 
one can accomplish the apparently impossible task of solving for two 
unknown functions from only one equation. However, there is one more 

Diece nf information that i* rrnrial for qolvinn Fmiation (9 Ac 

* ' w ~ ~ J I — ~ * w ■ • v — • ~ w / • * * — 

A 

the notation in (2.65) implies, F + (s) is regular in the upper half-plane 

A 

described by t > x_, while C_(s) is regular in the lower half s-plane 
t < t + . Furthermore, G(s) and K(s) are regular in the strip defined by 
T _ < T < T+ . 

The fundamental step in the Wiener-Hopf procedure is the 
factorization of the function G(s) into the product of two functions 
such that 

G(s) = G + (s) G_(s) (2.66) 

where G + (s) is regular in the upper half s-plane defined by t > t_ and 
G_(s) is regular in the lower half s-plane defined by x < x + . For 
reasons that will become obvious, it is required that G + (s) and G_(s) be 
free of zeros in the respective half-planes where each function is 
regular. This is possible only if G(s) is free of zeros in the strip 
t_ < x < x + [34]. 
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There is a formal procedure for factorizing G(s) which is discussed 
in Appendix D. Sometimes G + (s) and G_(s) can be found by inspection 
when G(s) is a simple function. Substituting (2.66) into (2.65) and 
dividing by G (s) gives 


- . . . *(s) C_(s) 

F + (s) G + (s) = G j s) - G _( S ) 


X_ X T < T + 


Note that it is possible to divide by G_(s) because it was assumed 

A 

is nonzero in the half-plane t < x + . The function F + (s)G + (s) is 
analytic in the upper half s-plane x > x_ # while the function 


(2.67) 

G_(s) 


C (s)/G (s) is analytic in the lower half s-plane t < r + . However, 
K(s)/G (s) can have singularities in both half planes. 

The second most important step in the Wiener-Hopf procedure is to 
decompose the function K(s)/G_(s) into the sum of two functions such 


that 


K(S) 

GJsT ’ M s > + n - (s) 


( 2 . 68 ) 


where D + (s) is regular in the upper half s-plane x > x_, and D_(s) is 
regular in the lower half s-plane x < x + . As in the case of 
factorization, there is a formal procedure for the decomposition of a 
function which is discussed in Appendix E. In this study, the function 
K(s)/G_(s) will be simple enough such that it can be decomposed by 
inspection as shown in Chapter III. Substituting (2.68) into (2.67) and 
rearranging terms yields 


C_(s) 

F + (s) G + (s) - D + (s) = D_(s) - 


x_ < x < x + . (2.69) 
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Figure 2.7 shows the regions of regularity of all the functions involved 
in Equations (2.65) and (2.69). 

By a careful examination of Equation (2.69) one concludes that the 
function on the right-hand side of (2.69) is analytic in the lower 
s-plane r < x + , and the function on the left-hand side of (2.69) is 
analytic in the upper half s-plane defined by t > t_. Since both half 
planes have a common overlapping region described by x_ < t < x + , it 
follows by analytic continuation [32] that both sides are equal to an 
entire function J(s) (regular in the whole s-plane) such that 

C_(s) 

J(s) = F + (s) G + (s) - D + (s) = D_(s) - G for all s (2.70) 

where Equation (2.70) holds over the entire s-plane. 

Now suppose it can be shown that 

jF + (s) G + (s) - D + (s) j < |s| P as s + » for x > x_ (2.71) 

and 

C_(s) q 

| 13 (s) - I < M as s > « for x < x + . (2.72) 

Then, by the extended form of Li ouvi lie's theorem [32], J(s) is a 
polynomial P(s) of a degree less than or equal to the integral part of 
min(p,q) = n such that 

P(s) = a Q + a lS + a 2 s 2 + ... + as" = l a-s 1 (2.73) 

i=0 

where the constants a. are unknown. 
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Figure 2.7. Regions of regularity of all the functions involved in 
Equations (2.65) and (2.69). 
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It follows from (2.73), (2.74) and (2.75) that F + (s) and C_(s) are 
determined to within a finite number of arbitrary constants which must 
be determined otherwise. 

The assumption that J(s) is a polynomial is true when one is 
dealing with electromagnetic problems, because the functions involved in 
Equations (2.71) and (2.72) are restricted to have algebraic growth. 

This is due to the edge conditions that the fields have to satisfy near 
geometrical singularities. The edge conditions are discussed in 
Appendix B. In most problems in electromagnetics, P(s) will be zero > in 

A 

which case F + (s) and C_(s) will be uniquely determined. Sometimes P(s) 
may be a nonzero constant which still has to be determined. Chapter IV 
shows how this can be accomplished. 
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CHAPTER III 


IMPEDANCE BISECTION PROBLEM (NORMAL INCIDENCE CASE) 

A. STATEMENT OF THE PROBLEM 

This chapter deals with the analysis of the problem of diffraction 
by the two-part impedance geometry depicted in Figure 3.1. An 
infinitely thin screen which is either a perfect electric conductor 
(PEC) or a perfect magnetic conductor (PMC) lies on the half-plane 
{x>0, y = 0}. It is joined to another half-plane {x < 0, y = 0} which 
consists of a homogeneous, isotropic impedance wall characterized by the 
impedance Z $ which is a constant. Note that the PEC screen can be 
characterized by a zero impedance, while the PMC screen is equivalent to 
an infinite impedance screen. A plane wave u 1 is incident from 
free-space at an angle <j>' to the x-axis (0 < <t>' < n). The incident wave 
may be of the transverse magnetic (TM Z , u 1 = E z ) or transverse electric 
(TE z> u 1 = H z ) type field relative to the z-axis. Note that there is no 
variation of the incident field and the geometry in the z-direction, 
hence it is a two-dimensional problem. The total field will be 
determined everywhere in the half-space y > 0. 
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Figure 3.1. Impedance bisection yeometry for plane wave excitation. 

As shown in Section C of Chapter II, this problem can be seal ari zed 
by dealing with either the tangential field components (E z , H z ) or the 
z-directed potentials (A=zA z , F=zF z ), The tangential field components 
will be used here. It follows that the boundary conditions for both TE Z 
and TM z polarizations are (see Section C, Chapter II) given by 

TE Z case: E z = 0 

H z = 0 , y = 0 , x < 0 (3.1) 

d 

H z = 0 for PEC , y = 0 , x > 0 (3.2) 

or 

H z = 0 for PMC , y = 0 , x > 0 . (3.3) 
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TM Z case: H z = 0 

E z =0 , y = 0 , x < 0 ( 3 . 4 ) 

E z = 0 for PEC , y = 0 » x > 0 

or 

d 

E z = 0 for PMC , y = 0 , x > 0 

. 1/2 

where n Q = ty 0 / e 0 J is the free space impedance. 

Instead of solving four different problems (two polarizations and 
PEC or PMC screen), only two problems will be solved: even and odd 

problems. For both cases, the function u(x,y) is equal to 

— E z for TM Z polarization, or 

u(x,y) = (3.7 

H z for TE Z polarization 


(3.5) 

(3.6) 



and it satisfies the scalar Helmholtz equation 


< 72 t + k2) U(X >J' ) = l 8^ * 9^ 


+ k 2 ) u(x,y) = 0 


for y > 0 
and | x | <«* 


(3.8) 


For the even problem, u(x,y) = u e (x,y), and the boundary conditions 
become 


d7 + ik6 e 


u e (x,y) = 0 


x < 0, y = 0 


and 


(3.9) 
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_d 

dy 


u e (x,y) = 0 


x > 0, y = 0 


(3.10) 


where 

t 

Z_/n n = normalized impedance, TE, polarization 

x _ * u Z 

e ~ • (3,1 

n 0 /Z $ = normalized admittance, TM Z polarization 

For the odd problem, u(x,y) = u 0 (x,y), and the boundary conditions are 
given by 


u 0 (x,y) = 0 , x < 0, y = 0 ( 3 .! 2 ) 

and 

u 0 (x,y) =0 , x > 0, y = 0 (3.13) 

where <5 0 has the same definition as 5 e . The subscript "e" refers to the 

even problem while the subscript "o" refers to the odd problem. Let the 

incident field be denoted by 

i Kk x X'V ) 

u (x,y) = v e J , y > 0 ( 3 . 14 ) 

where 

k x * - kcos<j>' ; k y = ksin*' (3.i5) 

and v is an arbitrary constant. In cylindrical coordinates, ui(x,y) is 
equal to 

u^ ( p, 4>) = v e ^kpcosf^-^ ) ^ p > 0, 0 < (<M') < ir . (3.16) 


1ks » 
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The first step in solving this problem is to consider the geometry 
shown in Figure 3.2 where a homogeneous, isotropic impedance wall 
occupies the plane y = 0. The reason for doing this will become obvious 
in the following steps of the analysis. 

The field u(p,<|>) will be referred to as the unperturbed total field 
in the presence of the impedance wall. This problem can be solved by 
the well known separation of variables technique [36], because the 
boundary conditions given in Equations (3.9) and (3.12) hold for all 
values of x such that 

u(x,y) = 0 for |x|<», y = 0 (3.17) 

where the subscripts "e" and "o" will be temporarily dropped for 
convenience. 


~ + i k 6 


y 



Figure 3.2. Unperturbed geometry. 
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Without going over the details of the solution, the final result can be 
written as 


u(x,y) 


u 1 (x,y) 


+ u r (x,y) 


(3.18) 


where u (x,y) is the reflected field given by 


u^x.y) = vR( 5, <t»’ ) e 


i (k x x+kyy) 


|x|<«, y > 0 


(3.19) 


and R(6,<j>') is the Fresnel reflection coefficient. 

^in*' - f, 

sin<fr' + S * (3.20) 

Note that the unperturbed field u(x,y) still satisfies Equation (3.8) 

(or the scalar, two-dimensional Helmholtz equation). 

As stated in Section D of Chapter II, there are two basic methods 
for solving the canonical two part impedance problem being considered in 
this chapter. In this analysis, the Wiener-Hopf method will be used, 
and the Wiener-Hopf equation will be obtained by Jones' method in 
Section B. 


k v - k« 


R(«,4>') = £T^r 


kS 
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B. JONES' METHOD 


In order to have some order in the analysis, the even problem is 
solved first, and then the odd problem will be considered. 

1. Even Problem 

The total even field u e (x,y) can be written as 

u e (x,y) = u e (x,y) + u*(x,y) for y > 0, |x|<» (3.21) 

where u e (x,y) is the even unperturbed field which was defined in 
Section A. 

c 

The field u g (x,y) which is referred to as the scattered field is 
necessary to properly account for the effects of the PEC or PMC screen 
lying in the half-plane {x > 0, y = 0}. Note that the definition of the 
scattered field u^(x,y) is different from the usual definition of 
scattered field. 

Since the total field u (x,y), and the unperturbed field u g (x,y) 
satisfy the scalar Helmholtz equation, it follows that u e (x,y) also 
satisfies the same equation, that is 

“ 3 2 3 2 “ 

7^2 + "^2 + k 2 Ug(x,y) = 0 for |x|<», y > 0 . (3.22) 

Furthermore, it follows from Equations (3.9), (3.17) and (3.21) that 
~J_ .“Is 

3y + ik6 e | u e ( x ,y) = 0 for y = 0 , x<0 . (3.23) 
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Thus, the field u|(x,y) also satisfies the Leontovich boundary condition 
for {y = 0, x < 0} • For the half-plane {x > 0, y = 0}, the boundary 
condition given in Equation (3,10) becomes 

' ^ Ug(x,y) = ” 3y ^ x,y ) = " 3y £ ul ( x » y ) + ^ x,y ^ (3.24) 

for y * 0, x > 0 

Following the notation of Appendix A, let 

u|(x,y) = Ug + (x,y) + u*_(x,y) (3.25) 

where Ug + (x,y) and u|_(x,y) are the half-range functions defined in 
Appendix A. Also, let 

Ug +r (x,y) = u 1 (x,y) + u£(x,y) = u^ r (x,y) + u^ r (x,y) . (3.26) 

It follows that Equations (3.23) and (3.24) can be rewritten as follows: 

for y = 0, | x | <°° (3.27) 

for y = 0, | x | <• (3.28) 

As stated in Section D of Chapter II, the principal feature of 
Jones' method is that the Fourier transform is applied directly to the 
differential equation and the boundary conditions. Note that the 
Fourier transform being used here is carefully defined in Appendix A, 
and it will not be repeated in this chapter. Applying one-sided Fourier 


17 + 1k< e 


u*_(x,y) = O 


and 


9y V (x ’ y) = 


Jj l u et r(x ’ y) ) 
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transforms to Equations (3.27) and (3.28) with respect to the variable 
x, one gets 

u*_(s,y) = 0 for y = 0, t = Im(s) < t + (3.29) 

and 

^ ^ + (s,y) = - ” (u^ r (s,y)) for y = 0, x = Im(s) > x_ (3.30) 

where s is the complex variable in the Fourier transform domain and the 
constants t + and x_, which are defined in Appendix A, will be determined 
later in the analysis. Next, Fourier transforming Equation (3.22) and 
using Equation (A. 16), one obtains that 

Ug(s,y) = 0 for y > 0, x_ < x < x + (3.31) 

where Ug(s,y) is regular in the strip x_ < x< x + , and 6, which is 
carefully defined in Appendix C, is given by 

3 = (k 2 - s 2 ) 1/2 . (3.32) 

Since (3.31) is a second order differential equations, it has two 
solutions, that is 

u g(s,y) = A e (s)e^ y + B e (s)e" i0y for y > 0, x_ < x < x + . (3.33) 



~ + i k <5 
3y e 
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Let 


$ = 3 r + iBj (3.34) 

where and are real variables. In Appendix C, the branch cut of 8 
is defined such that 8j > 0 in the entire top (proper) Riemann sheet of 
the complex s-plane. It is obvious that the second solution of (3.33) 
will become unbounded as y + •. It follows from the radiation condition 
given in Appendix B that 

B e (s) = 0 (3.35) 

and u e (s,y) becomes 

Ug(s,y) = A e (s) e i0y for y > 0, x_ < t < t + (3.36) 

* 

where A g (s) is still unknown at this point. The function u e (x,y) can be 
rewritten in terms of one-sided Fourier transforms as 

Ug(s,y) = A e (s)e 10y = u* + (s,y) + u*_(s,y) (3.37) 

for y > 0, t_ < t < t + 

^ c 

where u g+ (s,y) is regular in the upper half s-plane defined by x > x_ 

A c 

and u e _(s,y) is regular in the lower half s-plane defined by x < x + . 
Letting y = 0 in Equation (3.37), one gets 

A e (s) - Ug + (s,°) + Ug_(s,0) , x_ < x < x + (3.38) 

which indicates that A g (s) is also regular in the strip defined by 

X_ < X c x + . 
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Following a similar procedure as above, the one-sided Fourier 
transfom of u g+ (x,y) will be computed next. Substituting u^ + r into 
(A. 7) yields 


u e+ r ( s »y ) = 7 fF / U e+ P ( x »y) e 1sx dx for y > 0 


-i+ r , ' v -^ y ik y~ 

u p+ < s ’ y ) = 777 e + R (« Q ,<t>')e y 


• Lim / e 
a + ® o 


a i (s+k )x 


for y > 0 , 


a i (s+k )x | — i (s+k ) a 

Lim / e dx = Lim e 


a ®> o 


a « 


i(s+k^) ‘ i(s+k^) 


If Im(s+k x ) = Im(a + it - (k^ + ik^) cos<t>') = T-k 2 COS<|> , is greater 


zero, one finds that 


i (s+k )a 

Lim e 


a + ® 


i (s+k^) 


for t > k cos d>' 
2 


A i+r, x _L_ 
u e+ (s>y > = m 


■ ik y y ik v y- i 

y * R e (« e , + ')e * 7^7 

x 


for t > k cos<j>' 
2 
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It follows that 

T - = k 2 cos *’ (3.44) 

-■j ^.p 

and u g+ (s,y) is a regular function in the upper s-plane defined by 

T > T . 


a i 

Taking the derivative of u g+ (s,y) with respect to y, one gets 


— i +r / \ - 

By u e+ (s ’ y) = m 


' * ik v y i k v y" 

e y - Re y 
e 


k' 

y 


s+k 1 
x 


(3.45) 


Evaluating (3.45) at y * 0 and substituting into Equation (3.30), one 
obtains that 


k 1 

^ a y y 

3 ^ u e+( s »y) = ■ /27 Tfic 7 ^ ‘ for y = 0, r > t_ . (3.46) 

If the following notation is used: 


3y u e+( s, y) 


= 0 




(3.47) 


Equation (3.46) becomes 

k' 

3 a -v y 

u e+( s ’ 0 ^ = ( s + (1 - R e ) for x > x_ . (3.48) 

3 a 

It is obvious from Equation (3.48) that ~ u^ + (s,0) is also regular in 
the upper s-plane x > t . 
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As stated above * the scattered field u|(x,y) is needed to account for 

the effects of the PEC or PMC screen lying on the the half-plane {x > 0, 

y = 0}. This means that u* + (x,0) has to have the same asymptotic 
i +r 

behavior as u g+ (x,0) for x -► ®, that is 


Lim 

x++» 


u e +(x,0) 


= c 


T X 


e - 


(3.49) 


a 

It follows from Equations (A. 4) and (A. 7) that u e+ (s,0) is regular in 
the upper s-plane defined by t > t_. 

The next step in the analysis is to take the derivative of Equation 
(3.37) with respect to y, and after setting y = 0, one finds that 

3 3u|.(s,0) 

10 A e (s) = -§y u e+ (s,0) + — , t_ < t < x + . (3.50) 


Substituting Equations (3.29), (3.38) and (3.48) into (3.50), one 
obtains 


i 0 


Ug + (s,0) + Ug_(s,0) 


yi-V 

W T^T - 1 k Ve- (S - 0) ’ (3 . 51) 


T < T < T. 


or 


k ' (1-R ) 
■v y e 7 


/?ir [s+k^) 


ip Ug + (s,0) + Ug_(s,0) (i 0 + ik6 0 ) , 

t < T < T, 


(3.52) 



At this point in the analysis, the regions of regularity 
3 

(s,0) and ~ u g+ (s,0) have been established. Furthermore, 


of 

from the 
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definition of B in Appendix C, it is easily determined that B is regular 
in the strip defined by -k 2 < x < k 2 . Thus, it remains to determine the 

A c 

regions of regularity of u e _(s,0) which can be established by knowing 
the asymptotic behavior of Ug_(x,0) as x-*-«. Note that besides the 
contribution to u*(x,y) from the currents lying on the PEC or PMC 
screen, there will be a contribution from the region {x = 0, y = 0} 
where the impedance discontinuity occurs [6,10]. This contribution can 
be interpreted as coming from an equivalent source [6,10] located at 
{x = 0, y = 0}. It follows from Equation (B.4) that the asymptotic 
behavior of Ug_(x,0) due to this contribution will be 


u e !(x,0) 


-ikx 


ce 


(1/2 Qr 3/2) 


r.- 1 * 1 X J<2* 

vv. 

X |( 1/2 or 3/2 ) as x * 


(3.53) 


Therefore, x + is equal to 


x. = Im (k) = k 

2 


(3.54) 


$ 

and u g _(s,0) is regular in the lower half s-plane defined by x < x + . 
Dividing (3.52) by i B, one gets 


vi ky ( 1— Re ) 
/W (s+k x )B 


u e+^ s »°) 


+ . 


“k6 e +B“ 
_ B _ 


ij.(s,0) 


» 


T _ < T < T + 


(3.55) 


Since x + > x_, all the functions of Equation (3.55) have a common 
overlapping region of regularity. In a well -posed physical problem, 
this is always the case [34]. Let G e (s) and 4 e (s) be defined as 
follows: 
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0 


(3.56) 


G ^ " k6 e +s 


1vky(l-R e ) 


* (s) ‘ /EF5(s+k') 


(3.57) 


where G e (s) is regular in the strip -k < t < k which includes the strip 

2 2 

t < t <t + , and $ e (s) is regular in the strip x_ < t < t + . Substituting 
(3.56) and (3.57) into Equation (3.55), and multiplying by G e (s), one 
obtains 


* e (s) G e (s) = Ug_(s,0) + G e (s) Ug + (s,0) , t_ < t < t + (3.58) 

which is known as the Wiener-Hopf equation. Figure (3.3) shows the 
regions of regularity of all the functions in Equation (3.58). Note 
that there are two unknown functions in (3.58); namely, u g+ (s,0) and 
u g_(s,0). This equation can be solved using the Wiener-Hopf technique 
which was invented around 1931 to solve a special type of integral 
equation [32]. This technique was summarized in Section D.3 of 
Chapter II. Comparing Equations (2.65) and (3.58) one concludes that 


K(s) = * e (s) G e (s) 

(3.59) 

F + (s) = Ug + (s,0) 

(3.60) 

CJs) = u*_(s,0) 

(3.61) 

required that G e (s) be free of zeros in the strip 

< x < x + . It 


is obvious that G e (s) in Equation (3.56) does not have zeros in the 
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Imt 

DjO. f 


• ■ cr + ir 
k » k, + ik 2 



Figure 3.3. Regions of analyticity of functions in Equations (3.58) 
and (3.131). 
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strip x_ < t< t + . The factorization of G e (s) is possible if G e (s) 
satisfies certain conditions [32], which are satisfied by this 
particular G e (s). The functions 6®( s ) and G®(s) are obtained by 
following the same procedure as Weinstein [37] and the details are shown 
in Appendix D. 

As mentioned in Section D.3, Chapter II, the functions D®(s) and 
D_(s) in this particular problem can be obtained by inspection. Recall 
that 

K(s) 

— = $ 6 (s) G®(s) = D®(s) + D e (s) , t < t < t + . (3.62) 

G_(s) 

T +■ “1 f* r U/\i.iM ■? r* u r ^ U M J / » \ ; . j. j i ■ 

j.u ■:> oiivrm in rvjj^cnuiA u cmqu u + aitu u ($) are yiveri, rebpecti ve ly , oy 




ivk ( 1-R ) 
y e' 


kS e (s+k x ) 


~ 1 e 

1 “ - G +( s ) 

G e .(- k x ) 


(3.63) 


and 


ivk (1-R ) 
e y e' 

d!(s) = 


^ k5 a (s+k v ) 


G!(s) G®(-kl 


x'_ 


(3.64) 


Substituting (3.62) into (3.58) and using the results of (2.70) yields 


D+(s) - Ug + (s,0) G*(s) = Ug_(s,0) e 


G_(s) 


d!(s) = P(S) 

for all s 


(3.65) 


where P(s) is still an unknown entire function which can be expressed as 
a polynomial in s. 
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A A 

Solving for u e+ (s,0) and u e _(s,0) in terms of P(s), one obtains 
D*(s) - P(s) 

u L(s,0) ■= (3.66) 

6 *(s) 

and 

u*_(s,0) = g'(s) [P(s) ♦ D*(s» . (3.67) 

Since P(s) Is an unknown, u| + (s,0) and u*_(s,0) are not unique 
solutions. In other words, it is possible to obtain many solutions 
which satisfy the scalar Helmholtz equation and all the boundary 
conditions. In order to obtain a unique solution, the asymptotic 
behavior of both sides of Equation (3.65) has to be determined for the 
specific problem at hand. 

It follows from Equation (3.56) that 

G e (s) ~ 1 as |s| -*■ «• for t_ < t < t + . (3.68) 

It is shown in Appendix D that 

G®(s) ~ 1 as | s | “ for t > t_ (3.69) 

and 

G®(s) ~ 1 as | s | -*■ « for t < t + . (3.70) 

The asymptotic behavior of D®(s) and D®(s) is easily determined from 
Equations (3.63) and (3.64), that is 

D +(s) ~ s 1 as | s | » for t > t_ (3.71) 


63 



and 


D e (s) ~ s' 1 as | s | » for t < t + . (3.72) 

In order to determine the asymptotic behavior of u e _(s,0) and u e+ (s,0), 
the edge conditions given in Appendix B have to be used. Recall that 
u e (x,y) represents the tangential electric field component E z or the 
tangential magnetic component H z . It follows from Equation (B.5) that 

ll e+( x >°) = 0(|x|P) as x 0+ (3.73) 

and 

Ug_(x,0) - 0( | x | P ) as x + 0- (3.74) 

where p > 0. Therefore, using Equations (A. 12) through (A. 15) yields 
u e+ (s,0) - s"* 3 ” 1 as | s | -*■ « for t > t_ (3.75) 

u e _(s,0) - s" 13 ” 1 as | s | -*■ » for x < t + . (3.76) 

Substituting Equations (3.69) through (3.72), (3.75) and (3.76) into 
(3.65) , one gets 

|D®(s) - Ug + (s,0) G®(s) | - |s | "P" 1 as |s| > » for t > t_ (3.77) 
|Ug_(s,0) /G-(s) - D®(s) | - | s | -p_1 as |s| ♦ » for t < t + . (3.78) 

Although the constant p is unknown, it is at least known that p > 0. 
Thus, it follows from (3.77) and (3.78) that 
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P(s) 0 as I s I ♦ 


(3.79) 


Finally, by an application of Liouville's theorem [32] which states that 
a bounded entire function is a constant; i.e.. 


P(s) = 0 for all s . (3.80) 

Thus, by applying the edge conditions, unique solutions have been 
obtained. However, as shown in Chapter IV, this is not always true. 
Sometimes additional information is needed in order to uniquely 
determine the polynomial P(s). 

Substituting (3.66) and (3.67) into (3.38) one obtains 

A e (s) = D*(s) G®(s) + G®(s) D*(s) for all s. (3.81) 

Since the functions D®(s) and D®(s) are given in (3.63) and (3.64), 
respectively, A g (s) can be rewritten as 


A e (s) 


iVk y(l-R e ) G®(S) 
m k« e (s+k x )' 


1 1 
g!(s) G®(-k x ) 


(3.82) 


1 

+ ~e e ~ 
G (s) G®(-k x ) 

and solving for in Equation (3.56) yields 


1 

g!(s) 


1 _1_ 
6 = k6 e 


1 

“T“ - 1 
G 6 (s) 


(3.83) 
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Therefore, A g (s) is given by 

ivky(l-R e ) G*(s) 

A e (s) = "zr - : — 1 i ~ 

e m (s+k x ) $ G®(-k x ) 


(3.84) 


Substituting (3.84) into (3.37) leads to 


ivky(l-R e ) G®(s) 

u*(s,y) = i — e^ y for all s, and y > 0. (3.85) 

e /S (s+k x ) 0 Gf(-k x ) 


A C 

The final step is to take the inverse Fourier transform of u e (s,y) 
to obtain u^(x,y). Using Equations (A. 10) and (3.85) one gets 


Ug(x.y) 


1 ®+ia 

-oo+i a 


i vk ' (1-R ) G e (s) 

l i By -isx . 

; T ~ e ■'e ds 

m (s+k x ) 0 G_(-k x ) 


for T _ < a < t + 
and y > 0, |x|o 


(3.86) 


where the path of integration is shown in Figure (3.4). Note that the 
integration path lies entirely in the proper (top) sheet of the 
s-plane (Im0>O) as required. When Im(k)+0, the medium becomes lossless, 
and the new path of integration (a=0) is shown in Figure (3.5.). 

A e p 1 

Furthermore, notice that u^(x,y) has a pole Sp = -k x in the lower 
half-plane t < t_ and a pole due to G®(s) in the upper half-plane t>t + . 
The contribution to the integral in (3.86) arising from these poles 
is evaluated next. 
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Figure 3.5. Integration path in Equations (3.86) and (3.152) for 
lossless case (k 2 =0). 
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Assume that the medium is lossless, i.e., Im k=k2=0, and k=k^. It 
follows from Equation (3.56) that the poles of G e (s) satisfy the 
equation 

2 2 1/2 

6 = (k - s ) = -k$ e = - k i (6 er + 1« eI ) (3.87) 

where k > 0, and it will be shown that 5 a _ > 0. Since Imp > 0 on the 

l er 

p 

proper (top) Riemann sheet, the poles of G (s) will lie on this top 
Riemann sheet if 

Im = « j < 0 . (3.88) 


Otherwise, the poles of G e (s) will lie on the improper (bottom) 

r» J ~ U 4 . TU 4 ~ 4 Ua. « ...411 k ~ 

r\ i t;i iia 1 1 1 1 biiccb* inis uusci vauun 13 inifjui uaiiu uctaubc, a 3 wi i i uc siiuwit 

later, the poles of G e (s) will give rise to the surface wave fields if 
they lie on the proper (top) Riemann sheet. 

Solving for s in (3.87) and assuming (3.88) is true, one obtains 


s: - k(i-Sp) 


2 1/2 


(3.89) 


e 2 1/2 , 
s® = -k(l-5 e ) (3.90) 

where s- lies in the upper half s-plane x > t + , and it is the pole of 
G®(s). Similarly, s® lies in the lower half s-plane x < x_ and it is 
the pole of G®(s). To show that the last two statements are true, 
recall that 


5 


e 


R$ + iX $ for TE Z Polarization, or 

^ *N. 

G c + iB p for TM, Polarization 

s s z 


(3.91) 
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Since {R $ , G s } >0 for a passive impedance sheet, and because it was 
assumed that Im($ e ) < 0, will lie in the fourth quadrant of the 
s-plane, such that 

i<k w 

« e = l 5 e l e » - J < 4> < 0 . (3.92) 


Squaring (3.92) yields 

- f« e |V 2 * 


and 


2 2 i ♦ 

1 - « e = II - « e I e 


- it < * < 0 (3.92) 


0 < ? < ir . (3.93) 


Thus , 

2 1/2 2 1/2 1?/2 ? * 

(1 - « e ) = |1 - « e | e , 0 < 2 < 2 . (3.95) 

2 1/2 

It follows from (3.95) that (l-5 e ) always lies in the first quadrant 
of the s-plane when Im(6 e ) < 0. Therefore, s® lies in the first 
quadrant of the s-plane above the line t = t + as shown in Figure 3.4. 

The pole s + lies in the third quadrant of the s-plane below the line 
t = t_ and it is also depicted in Figure 3.4. 

It is shown in Appendix D that in order to factorize G e (s), it is 
convenient to express as 


6 e = cos K e = cosUp + i Cj) 


cos 5® coshSj - isin5® sinhf;® , 


0 < 


' e "I w 0.96) 

ReU ) = 5 r | < 2 . 
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The restriction in the real part of 5 e is due to the fact that Re(6 e )= 
R 

5 = {^ S } is always greater than or equal to zero. Substituting 

GP p 


(3.96) into (3.89) 

and 

(3.90), s® and 

s® can be written as 


s® = ksin^ 6 

9 

0 < Re U 6 ) 

IT 

< 1 

(3.97) 

s® = -ksinf- 6 

9 

0 < Re U 6 ) 

TT 

< 2 

(3.98) 

where 

Im(C 6 ) = 

> 0 

if Im(« e ) = 

«ei < ° 

(3.99) 


Note that if Im(6 e ) > 0, then the poles of e G (s) will lie on the 
improper (bottom) Riemann sheet such that 

si = -ksinC® , ImU e ) < 0, 0 < Re(5 e ) <7 (3.100) 

s^ = ksin? 6 , Im(£ e ) < 0, 0 < Re(E e ) < 7 (3.101) 

where s 6 is the pole of G®(s) and s^ is the pole of G®(s) as depicted in 
Figure 3.6. 


2. Odd Problem 

For the odd problem, the unperturbed field is 

■ i ■ 


i r +i k x 

%(x,y) = u Q (x,y) + u Q (x,y) = ve 


- -ik ik y~ 

e y + R 0 (« 0 ^’ )e Y _ 


y > 0, | x | <«* 


(3.102) 
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Figure 3.6. 


Location of the poles s_* and s + * on the improper Riemann 
sheet. 
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where v is a constant and the subscript V* in u^ f u^ § R Q and S Q refers 
to the odd problem. The scattered field u*(x,y) still satisfies the 
scalar Helmholtz equation 


l_3x 2 + 3y 2 


+ k %(x,y) =o , | x | <~ , y > 0 


(3.103, 


and the following boundary conditions: 


3 $ / 

Jy + ik6 0 _ u 0 ( x »y) = 


for x < 0 , y = 0 


(3.104) 


%(x,y) = -u 1 (x,y) - u£(x,y) 


for x > 0 , y = 0 


(3.105! 


Using the half-range functions defined in Appendix A, (3.104) and 
(3.105) can be rewritten as 


_9y + ik6 0 _| V (x ’ y) = 0 for y = 0 , |x|<» 


(3.106 


u o+(x»y) * -uj+ r (x,y) 


for y = 0 , |x|<» . (3.10/ , 


Taking the Fourier transform of Equations (3.103), (3.106) and 
(3.107) with respect to x, one obtains 


TT + 8 u*(s,y) = 0 for y > 0 » < t < t + (3.108) 


|_3y + i k « 0 I u o-( s »y ) = 0 for y = 0 , t < t + 


(3.109) 


for y = 0 , x > t_ 


(3.110) 


2 


where 0 has been defined in Equation (3.32) and the constants x + and x_ 
are unknown at this point. The most general solution of (3.108) is 


u*(s,y) = V s ) eiey + B 0 (s)e" lBy = u* + (s,y) + u*_(s,y) 

for y > 0 , x <t<t + 


(3.111) 


A c 

Since u Q (s,y) satisfies the radiation condition and Im($) > 0 on the 

-i 8v 

proper Riemann sheet, e J is not bounded as y ♦ “. It follows that 


B„(s) i 0 


(3.112) 


so that 

uj(s,y) = u Q+ (s,y) + u Q _(s,y) = A Q (s)e l6y 

for y > 0 , t_ < x < x + 

and 


(3.113) 


A A 

A 0 (s) = u Q+ (s,0) + u Q _(s,0) for x_ < t < t + (3.114) 

where A q (s) is analytic in the strip defined by x_ < x < x + . 

Proceeding with the solution, the next step is to take the derivative 
of (3.113) with respect to y and then set y = 0 to arrive at 
9 ^ g 

1 SA 0 (s) = ay u* + (s,y) + 3 y U*_(s,y) , y = 0 , x_ < x < x + . (3.115) 


Using (3.114) in (3.115) to eliminate A Q (s) 
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(3.116) 


i 0 


^o+(s*0) + Sj.(s.O) 



9 


y = o , T_ < T < T + . 


Now, substituting the boundary conditions given in equations (3.109) and 
(3.110) into (3.116), one gets 


i S 


_-u^ r (s,0) + u^_(s,0)_ 


= - ik5 o “o- (s ’ 0) + V (s ’ 0) * 

T < T < T, 


(3.117) 


or, rewriting (3.117) 


-i0 V r (s,0) 


- i (3 + k6 Q ) u*_(s,0) + u Q *(s,0) 


(3.118) 


T < T < T, 


where 


%+(s,0) = l y u* + (s,y) 


y = 0 


(3.119) 


In order to compute u^ r (s,0), it is enough to observe that Ug +r (x,y) 
has exactly the same form as Ug +r (x,y). Therefore, u^ r (s,y) can be 
obtained from Equation (3.43); i.e.. 


~i+r v 

V < s **> ‘m 


■V 


+ R. 




s+k' 

x 


T > T 


(3.120) 


A 1 ^ IT 

where t_ has been defined in (3.44) and u Q+ (s,y) is regular in the upper 
half s-plane defined by x > x . 
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Next, the functions G°(s) and «°(s) are defined as follows: 
6 °( s ) = ?Tk^ ( 3 - 121 ) 

and 

• v i 

*°(s) - ^r<s,0) = 8 Tjj. (1 + R 0 ) . (3.122) 

Since 3 is regular in the strip -kg < t < kg, anc * as shown later, G°(s) 

is free of poles in the same strip, it follows that G°(s) is a regular 

function in the strip -kg < t < kg. Also, since u Q+ (s,0) is regular in 

the upper half s-plane x > x_, $°($) is regular in the strip 

x < x < k . Furthermore, G°(s) is free of zeros in the strip 
2 

-kg < x < X2 as required (G°(s) does not have any finite zeros in the 
s-plane). Substituting (3.121) and (3.122) into (3.118) yields 

*°(s) G°(s) = u*_(s,0) + 1G°(s) V(s,0) , x_ < x < x + (3.123) 

which is the Wiener-Hopf equation. Note that *°(s) and G°(s) are known 

A c 

functions, but there are two unknown functions; namely, u Q _(s,0) and 
A 1 s 

u Q+ (s,0). In order to determine the constant x + , it is necessary to 

s 1 s 

know the asymptotic behavior of u Q _(x,0) and u Q+ (x,0) and use Equations 
(A. 12) through (A. 15). 

Recall that u^(x,y) represents the electric field E z , or the 
magnetic field H . It follows from Maxwell 's Equations (1.1) - (1.4) 

* c 

that u (x,y) is proportional to either E or H . Following the same 

U A A 

s * s 

argument as in part 1, the asymptotic behavior of u Q _(x,0) and u Q+ (x,0) 
is 
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-ikx ce" iklX e k2X 

Ug.( x ,°) ~ — (T72-^TT72y = ( 1/2 or 3/2) as x -® . (3.124) 

I x | I X I 

and 

i 

i e +ik x -ik.cos + 'x k 9 cos<|>'x 

%+(x,0)~c 2 e x =c 2 e 1 e Z (3.125) 

, as x -*• +® . 

Since it (x,0) has the same asymptotic behavior as u (see Equation 
(3.53)), t + is given by (3.54). 

As in the even problem, the next step is to factorize G°(s) into a 
product of two functions such that 

G°(s) = G°(s) G°(s) (3.126) 

where G°(s) is regular in the upper half s-plane t > - Im(k) = -k 2 and 
G°(s) in the lower half s-plane x < Im(k) = k 2 . It is shown in 
Appendix D how one obtains G°(s) and G°(s). Using (3.126) in (3.123) 
and dividing by G°(s), which is possible since G°(s) is free of zeros 
in the lower s-plane x < x + , one gets 

“o-(s,0) 

*°(s) G°(s) = — + iG°(s) u'+(s,0) , t_ < x < x + . (3.127) 

+ G°(s) 

The left hand side of Equation (3.127) is similar to the left hand 
side of Equation (3.58) in the even problem. Thus, $°(s) G°(s) can be 
decomposed into a sum of two functions such that 
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(3.128) 


*°(s) Gj(s) = Dj(s) + D°(s) 

where D°(s) is regular in the upper half s-plane t > t_ and D°(s) is 
regular in the lower half s-plane t < t . As in part 1, this 
decomposition can be done by inspection. The details are given in 
Appendix E and only the final expressions for D°(s) and D°(s) are shown 
here: 



vi(l+R 0 ) 
/2i (s+k x ) 



- k« 0 Gj(s) 


(3.129) 


D?(s) 


vi(l+R o ) 
SF* (s+k x ) 


“ 1 1 “ 
J°J s) G°(-k x )_ 


(3.130) 


Substituting (3.129) and (3.130) into (3.127), one obtains 


o o A 1 e u o -(s,0) 

D°(s) - iG°(s) u *(s,0) = D°(s) 

0 G°(s) 


< T < T, 


(3.131) 


where the regions of regularity in the s-plane of all the functions in 
Equations (3.131) are depicted in Figure 3.3. 

The right hand side of Equation (3.131) is regular in the lower 
half s-plane t < t + , and the left hand side is regular in the upper half 
s-plane t > x_, so both sides have a common region of regularity. By 
analytic continuation, both sides of Equation (3.131) are equal to an 
entire function B(s) which is yet to be determined. Thus, 
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(3.132) 


D°(s) - 1Gj(s)u^ (s,0) 


Uq-(s,0) 

G°(s) 


D°(s) = B(s) . 

for all s . 


As stated in Section D.3 of Chapter II, B(s) is a polynomial in s such 
that 

B(s) = a + a s + a s 2 + ... + a s n (3.133) 

o i 2 n 

where the unknown coefficients {a^} can be determined by examining the 
asymptotic behavior of the functions of Equation (3.132). 

It follows from (3.121) that 

G°(s) ~ s' 1 as | s | -*• «® for t_ < x < x + (3.134) 

and from the expressions of G°(s) and G°(s) given in Appendix D, one 
concludes that 

G°(s) ~ s” as | s | ® for x < t + (3.135) 

and 

1/2 

G°(s) ~ s~ as | s | -► « for x > x_ . (3.136) 

The asymptotic behavior of D°(s) and D°(s) is easily obtained from 
(3.129) and (3.130), that is 

D°(s) - s" 1 as | s | -*• » for x > x_ (3.137) 

and 

1/2 

n °(s) ~ s” as | s | « for x c x + . (3.138) 
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In order to determine the asymptotic behavior of u^_(s,0) and u Q ^(s,0) 
it is necessary to apply the edge conditions given in Appendix B. 

Recall that u*(x,y) is either equal to E z (perfect electric conductor 
for x > 0, y = 0) or H z (perfect magnetic conductor for x > 0, y = 0). 
Also, as stated before, it follows from Maxwell's equations that 
u 0 (x,y) is then proportional to either H x or E x . Using Equations (B.5) 
and (B.6), one obtains 


U„_(x,0) - 0(|x| p ) 


as x -*• 0- 


ay u 0 + (x ’ y > 


y=o 


- - °(M P ' 1 ) 


as x + 


0 + 


where 

p > 0 

A c A * c 

It follows that the asymptotic behavior of u Q and u Q+ is: 
u o-(s,0) ~ s" p_1 as | s | ♦ - , t < t + 


(3.139) 

(3.140) 


(3.141) 


(3.142) 


Uq + (s, 0) - s" p as |s| ♦ - , t > t_ . (3.143) 

Since p>0, it is easily verified from above that B(s)+0 as |s| », and 

then by the application of Liouville's theorem [32], B(s) is uniquely 

A A I . 

determined as B(s) = 0 for all s. Therefore, u Q _(s,0) and u Q * (s,0) 
can be solved simultaneously from Equation (3.132) such that 


SJjs.O) ■ D°(s) G°(s) 


for all s 


(3.144) 
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u . (s,0) * — 

0+ 8®(s) 


for all s 


(3.145; 


Substituting (3.129) and (3.130) into (3.144) and (3.145) yields 

iv(H R o ) x i - 

= — — G°(s) — - 

0 v75 (s*k ) G°(s) G° ( -k x )_ 


v(HR 0 ) _ x - i 

u „!(s,0) = — — — - kS G°(s) — . (3. 

° /H (s+k x ) _G°(-k x ) 0 _ Gj(s) 

A i + p 

Since u Q+ (s,y) is known and it is given in (3.120), it follows from 
(3.110) that 


-iv (1 + R q ) 

% + (s,0) = ~ ~ 

(s+k x ) 


(3.148; 


Furthermore, substituting (3.146) and (3.148) into (3.114), the 
expression for A q (s) becomes 


-iv (1+RJ iv (1+R ) 


/Tn (s+k x ) V?i r (s+k x ) 


G_(s) o:(-k x ) 

for all s 


3.149 


which can be simplified to 


A 0 (s) = 


-iv (1+R q ) G°(s) 
^ (s+k x ) G°(- k x ) 


for all s 


3.150 



(3.151) 


A c 

Therefore, u Q (s,y) can be obtained from (3.150) and (3.113) as 
-iv (1+R 0 ) G°(s) 

u o(s,y) = ~ i “ — e i6y for y > 0, and all s . 

0 m (s+k x ) G°(-k x ) 


Finally, the last step in this analysis is to take the inverse Fourier 
transform of u^(s,y) to obtain u^(x,y). It follows from Equation (A. 10) 


that 


1 -tib < 1+ V G - (s) 


u o' x >>> ■ m i 


-»+ib (s+k x ) 


e iey e- 1sx ds 


(3.152) 


for y > 0, 

T K b K 


|x|<«, 

7 + 


where the path of integration, as depicted in Figure 3.4, lies entirely 
on the proper (top) Riemann sheet where Img > 0. When lm(k)=k 2 >0, the 
medium becomes lossless and the new path of integration (b=0) is shown 
in Figure 3.5. Note that u^(s,y) has a pole s° = -k x in the lower half 
s-plane x < t_ of the top and bottom Riemann sheets, and a pole due to 
G°(s) in the upper half s-plane x > x + which is evaluated next. 

In order to evaluate the poles of G°(s), note that the denumerator 
of G°(s) is the same as the denumerator of G e (s). Thus, the poles 
obtained in the even problem are the same for the odd problem. In other 
words, the poles of G°(s) will lie on the proper (top) Riemann sheet if 


Im(6 0 ) = Im [6 or + i6 oI ] = 6 oI < 0 . (3.153) 
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Otherwise, the poles of 6°(s) will lie on the improper (bottom) Riemann 
sheet and will not contribute to the scattered fields as shown in 
Section C. Using the results of part 1, and assuming Im (6 Q ) < 0, the 
poles of G°(s) are 

s° = k(l-6g) 1/2 (3.154) 

and 

s° + = -k(l-5 2 ) 1/2 (3.155) 

where s° lies in the upper half s-plane x > t + and it is the pole of 
G°(s). Similarly, s° lies in the lower half s-plane x < x_ and it is 
the pole of G°(s). The poles s° and s° are depicted in Figure 3.5. As 
as in the even case, in order to factorize G°(s), it is convenient to 
express <$ 0 as 


5 0 = cos5° = cos(e°+U°) = 


cos 5 °coshCj - isin5° sinhCj 


0 < Re (5°) = 5° <7 


Substituting (3.156) into (3.154) and (3.155), s° and s° become 


s° = ksin5° 

» 

0 < 

ReU°) = 5° <f 

(3.157) 

s° = -ksin? 0 

> 

0 < 

ReU°) - K° r <7 

(3.158) 


where Im(?°) = ej > 0 because Im(6 Q ) = « j < o. 
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When Im($ 0 ) > 0, the poles of G°(s) will lie on the improper 
(bottom) Riemann sheet. In this case, s°_ and s^ are given by 

s? = -ksin£° » Im(C°) < 0, 0 < Re(5°)< 7 (3.159) 

s° + = ksinf- 0 , Im(C°) < 0, 0 < Re(C°)< 7 (3.160) 

where s^ is the pole of G°(s) and s^ is the pole of G°(s) as shown in 
Figure 3.6. 

C. ASYMPTOTIC ANALYSIS 

The solutions of the even and odd problem given in Equations (3.86) 

and (3.152), respectively, are expressed in terms of an integral which, 

except for very simple cases, cannot be computed in closed form. 

Fortunately, in diffraction problems one is interested in the far field 

solutions which can be obtained by applying asymptotic integration 

techniques to (3.86) and (3.152). Here, the saddle point method [38] 

s s 

will be used to obtain the leading terms of u e (x,y) and u Q (x,y) for 
large k/x 2 +y 2 . 

1. Angular Spectral Mapping 

It is common practice to introduce a change of variables via the 
transformations 
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c-a 



s = o + it = -kcosw = -kcos(a + iy) (3.161) 

g = ’'k 2 - s 2 = ksinw = ksin(a + iy) (3.162) 

where k = k^ (k ? = 0, lossless medium) is real. The above 
transformation is a mapping from the s-domain to the w-domain, which is 
conventionally referred to as the angular spectral domain. All the 
details of the mapping from the s-domain to the w-domain are given in 
Appendix F. The former two-sheeted plane of 0(s) becomes the periodic 
plane depicted in Figure 3.7 with the role of the branch cuts replaced 
by lines which are their images. It is obvious that the effect of this 
transformation is to open up the function 3(s) and thus remove the 
branch points and branch cuts associated with B. 

It is also convenient to make a change of variables from the 
rectangular to polar coordinate system via the transformation 

x = pcos<|> ; y = psin<|> (3.163) 

where the quantities p and <|> are shown in Figure 3.8. 


2. Even Problem 


Substituting Equations (3.161), (3.162) and (3.163) into (3.86), 


one obtains 


v(l-R e )sin$' G®(-kcosw) e ikpcos ^ w " <,,) dw 

U g (p»$) = oil I Z , 

r® (cosw + cos 4 > ' ) G e (kcos<|>') 

W ’ (3.164) 

0 < U,*') < it 
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W-PLANE 
k=k, ( REAL) 



^Im/3 = 0 



IMAGE OF HYPERBOLIC BRANCH CUT OFjS(s) FROM -k 
IMAGE OF HYPERBOLIC BRANCH CUT OF /3 (s) FROM +k 
IMAGE OF Ims-AXIS OF THE TOP RIEMANN SHEET 
IMAGE OF REAL s-AXIS OF THE TOP RIEMANN SHEET 
TOP SHEET OF£(s) -SURFACE WHERE lm£>0 


Figure 3.7. The angular spectral w-plane. 
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where r e is the new integration path in the w-domain as shown in Figure 
w 

p I 

3.9. The pole s® = -k = kcos<|>' on the proper (top) Riemann sheet in 
P * 

the s-domain is mapped to 

w® + = tt - 4 , (3.165) 

in the w-domain, and the same pole on the improper (bottom) sheet in the 
s-domain is mapped to 

w®' = n + y (3.166) 



Figure 3.8. Polar coordinates. 
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in the w-domain. The pole of 6®(s) at sf = ksin£ e , which is located in 
the first quadrant of the s-plane if Im(6 e ) < 0 (Im(5 e ) >0), is mapped 
to 

p 3ir p 3 tt p p a if 

w s a T - V - T - V r - 15* , 0 < Re(5®) < 7 (3.167) 

in the w-plane. Note that if Im (6 g ) > 0, then s® = -ksinC® will lie in 
the second quadrant of the bottom Riemann sheet and its image in the 
w-plane is 


w ® = 5® - 2 = 5® - f + ic| , 0 < Re(£ e ) < \ , Im(C®) < 0 . (3.168) 
The next step in the asymptotic analysis of uf(p,<|>) is to deform the 

P 

nat h nf intonraf inn +• r\ f Ua a +- /■* « « a +■ ,4 j. u /rnn\ j. i _i_ a . i_ _ 

r ^ v .. >Mw^iubiwn \*\j one succpcbt ucbtcnt patn uiruuyrt trie 

saddle point. 

First, it is convenient to define the functions f(w) and M g (w) such 

that 


f(w) = icos((j>-w) = f r (o,Y) + if t ( cx.y) 


(3.169) 


v(l-R e ) sin$' G®(-kcosw) 

^g(w) = ( 3 . 170 ) 

2iri (cosw + cos$') G®(+kcos<|>' ) 


where 

f r («.Y) ■ -sin(4>-a)sinhY = sin(a-<|>)sinhY (3.171) 

fj(a,Y) = C0S(<j>-o)c0ShY . (3.172) 


The saddle point, denoted by w $ = a s + iY s , is a point in the 
w-plane at which the derivative of f(w) vanishes [38], that is 
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(3.173) 


f'(w s ) = cfw f (w) 


= 0 


w_ 


Next, taking the derivative of f(w) and setting equal to zero yields 


f'(w.) = Hw icos(a-w) 


w 


= isin(a-w ) = 0 


(3.174) 


IT 3it 

Since the real part of w is restricted to the interval < Re(w) < ~, 
it follows that 

w $ = 4> , or a s = <|> and y $ = 0, 0< cj> < it . (3.175) 

The steepest descent path (SDP), where ( a , y_) is a point on this 
curve, is given by 


f I<V V ’ f l<VV ; f r< 0, p*^p ) < f r (o s> T s> 


(3.176) 


In specifying the contour of integration C<^p along SDP, it is important 
to include the direction of integration as shown in Figure 3.9. From 
Equations (3.175) and (3.176), the path of integration is 

determined by 


cos(*-ap) coshy p = 1 


(3.177) 

s1n(a p -t) sinhYp < 0 

• 

(3.178) 


Also, the angle <fr depicted in Figure 3.9 has to be computed. This is 
accomplished [38] by twice differentiating (3.177) and evaluating the 
result at the saddle point. Without going over the details, one gets 
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- d 
°P 


dou Y p 


a rs ~ “c- 

P s 


= cos(t-a p )coshy p 


= 1 


w - a +iy 
p s T s 


(3.179) 


From Figure 3.9, it is obvious that 


- d 



which means that 

-IT 

♦ s = T 


(3.180) 


(3.181) 


Substituting (3.169) and (3.170) into (3.164), the expression for 
Ug(p,q>) becomes 

u*(p,4>) = 1 M e (w) e kpf(w) dw , 0 < + < ir (3.182) 

r e 

W 

where M g (w) has poles at w p , w p and w $ as shown in Figure 3.9. After 
the deformation of r® to the C^p, the field Ug(p,<|>) is represented via 
Cauchy's residue theorem, as the sum of the residues arising from the 
pole singularities captured during this deformation and the integral 
along the C SDp . Note that the steepest descent path C SDp , depending on 
the angle <|>, may run anywhere between the path SDP“ crossing the real 
axis at a=0 to SDP + which crosses the real axis at a=it. 

The paths SDP” and SDP + are depicted in Figure 3.10. Any pole 
located in the shaded area shown in Figure 3.10 will be captured as the 
path C SDp runs between SDP and SDP + . Applying Cauchy's residue theorem 
in Equation (3.182) yields: 
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TOP RIEMANN SHEET IN S- DOMAIN WHERE Im£ >0 


Figure 3.9. Integration paths r and C cnD in the periodic w-plane for 
k-kj (real). w w 


90 


! 


t y 



Figure 3.10. Poles located in shaded area will be captured as C$op 
moves from SDP” to SDP + . 
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Ug(p,4>) = 2iri 


Res 


e \— 


M e (w s ) e 


kpf (w. ) 


U(* - I5) 


- Res 


M e (w p ) e 


U(w® + - ♦) 


(3.183) 


+ i M g (w) dw , 0 < 4» < ir 


'SDP 


^6 P _L 

where <j> s is computed later and U ( 4> - <|> s ), U(w p - <|>) are the usual unit 
step functions. The various types of waves that contribute to the field 
u g(p»<f>) are those arising from the following poles and saddle point of 
the integrand in (3.182); namely from: 


(i) The pole w^ which is the zero of (cosw + cos^'). It 
contributes to the geometrical optics field when it is 
captured. This pole is captured when 0<4><ir— <|> * . 

(ii) The pole w® which is the zero of G®(s). It 

contributes to the surface wave field excited at the 
edge (x=0,y=0) by the incident plane wave. This pole 
may be captured only if Im(6 ) < 0. 

(iii) C<. D p integral contribution. This contribution is always 
present and when kp it is asymptotic to a term 
containing the value of the integrand M(w)e^ p ^^ w ^ at the 
saddle point w=w s . It us usually known as the diffracted 
field. 
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The location of the poles in the w-plane determines the type of guided 

waves they will contribute. Figure 3.11 illustrates the different types 

of waves corresponding to poles located in the various regions of the 

w-plane [39], This diagram was obtained by examining the exponential 

function e ' 'in Equation (3.182). The vectors and are the 

propagation and attenuation vectors, respectively, and they will be 

defined more carefully in section F. It is sufficient to mention at 

this point that the waves propagate in the direction of z , and r is 

P a 

the direction of most rapid attenuation. As shown in section F, e and 
c are always orthogonal to each other. Note that the proper surface 

a 

waves are located in quadrants I and III; the improper surface waves are 
located in quadrants VI and VIII; and the leaky waves in quadrants V and 
VII. It can be shown that the magnitude of the propagation vector is 
Up|=kcoshWj where Wj is the imaginary part of the pole w. This states 
that for a pole with nonzero imaginary part, the wave that it 
contributes will always be a slow wave in the direction of propagation. 
However, the projection of e on the x-di recti on may correspond to 
either a fast or slow wave [39]. That is, I 5 p*x|=| tp X |=kcosw r coshWj < l, 
where w r is the real part of the pole w. Figure 3.12 illustrates the 
regions where the waves are either fast or slow. Poles corresponding to 
slow waves are located in the clear region, while those corresponding to 
fast waves are found in the shaded regions of the strip -ir/2<a<3ir/2. 
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t y 




Figure 3.12. Slow and Fast waves in the periodic w-plane. 
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First, the residue at w p + in (3.183) will be computed, that is 


Res 


e+\_ 


" e+ kpf(w« T ) 
M e (w® + ) e r 


= lim ( w -w® + )M e (w)e kpf(w) 


(3.184) 


w+w 


e+ 


Substituting Equations (3.169) and (3.170) into (3.184) yields 


Res 


e+ kpf(w« + )-. 

|= w 


-i k pcos ( <()+4>' ) 


(3.185) 


In order to compute the residue at w = w®, it is necessary to write the 
expressions for G®(-kcosw). Using the results given in Appendix D and 
Equations (3.162) and (3.96) yields 

^ ksinw sinw 


G (-kcosw) = 


ksinw + kcos£ e sinw + cos? 6 


, 0 < Re(5 6 ) < 2 (3.186) 


1/2 


G + (-kcosw) = 


G_(-kcosw) = 


— 1 - cosw ~ 


- 1 

2 

t 

sin? e -cosw 

exp 

■27 

J 

. . dt 
smt 


1/2 


3 ir -w -5 
7 " 

IT p 


“ 1 + cosw “ 


- 1 

w- 2 +r 
J 

7 T 0 

t 

sin£ e +cosw 

exp 

"27 

. . dt 
sint 



— 

w+ 7 - 5 e 



(3.187) 


(3.188) 


Evaluating Equation (3.188) at w = w p + , one obtains 


e e+ e /? sin(<t>'/2) I _JL e ! 

_(-kcosw p )=G_(kcos«|> , )= e 1/2 exp | 2tr JjU') | (3.189) 

(sin^ -cos <(> ' ) | J 
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where 




\ -^'+5 e 

J 

3* , e 

t -♦'-r 


sint 


dt 


(3.190) 


p 0 

It is convenient to express G_( -kcosw) in terms of G (-kcosw) and 

e 

G^(-kcosw). This can be accomplished by solving for G_(-kcosw); i.e., 


G e (-kcosw) 

G e (-kcosw) = — . (3.191) 

G®( -kcosw) 

Thus, M (w) can be rewritten as 

v( 1-R e )si n4>‘ sinw 

M (w) = I I p • 

' 2ni(cosw + cos<j>') (sinw + cos? ) G_(kcos<|> , ) G + (-kcosw) 

(3.192) 


Substituting Equations (3.187) and (3.189) into (3.192) and using 
trigonometric identities, the expression for M (w) becomes 


= 2rT 


1-R. 


[(sin? e -cosw) (sin? e_ cos<(»' )] 


sinw + cos? 


. 1/2 


sec [ (w-<j>‘ )/2) + sec ((w+<|»')/2) 


.27 CJi(*') + Jj(w)] 


(3.193) 
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q 3ir p p 

Now, the residue at w g = *^r - ? , Im (? ) > 0 can be computed such 


that 


Res 


e \— 


" e kpf(w") 

M e (wf) e S 


* L1m e (w “ w ^ M e (w) e kpf(w) * (3.194) 


w+w 


Substituting (3.193) into (3.194), one obtains 


Res 


e kpf(w®)“ 

y / \ J 

-v cos?e 

2(sin? e -cos<|>' ) 

M e (w $ )e 

2iri sin<fr'+cos? e 

. „e 
sin? 


1/2 


sec (. (w®-<t>' )/2) + sec 0®+*' )/2) 


-ikpsinU+r) 


exp 


-5T 


c; > o , o < 


e * 
< 2 


(3.195) 


The final step is the asymptotic evaluation of the integral along 
the path C^p. Before the diffracted field is computed, it is important 
to examine the exponential behavior of the various contributors to the 
field u e (p,<|>). A plot of the zero exponential decay contours is shown 
in Figure (3.13). It is seen that these contours divide the w-plane 
into two regions: one in which the exponential decay is greater than 

that at the saddle point, and the other region in which there is 
exponential growth which represents non-physical fields. 

Since the pole w® + lies in the Re (w) = o axis, it has the same 
exponential decay as the saddle point, namely, zero exponential decay. 

On the other hand, the exponential decay of the surface wave field is 
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greater than that at the saddle point as shown in Figure 3.13. There is 

one special case when the surface wave field will have zero exponential 

e it 

decay: when Re (6 g ) = 6 gr = 0 (5 p = 7 , lossless impedance wall) and 

<t> = it. In this case, the pole w® will lie on a zero decay contour. 

In order to perform a uniform asymptotic evaluation of the steepest 

descent integral, it is necessary to assume that | Im 6 & | is large enough 

so that the surface wave pole w® is never close to the saddle point 

0 + 0 _ 

w $ = <(> or the poles w p an( j w p . All the details of the saddle point 
analysis are shown in Appendix G and note that the largeness parameter 
is kp. Thus, for large kp, the resulting expression is given by 


J M (w) d, » 

c e v 'e dw = u q ( p, <j>) ~ 


-ve 


i tt/4 


'SDP 




l-R 


L 2 J 


[(sin^-cos# 1 ) (sinS®-cos<|>)] 

Z exp(-[J®(4>' ) + Jj(+)]/(2ir)) 

si n <(> + cos 5 


• sec ((♦+*')/2) F*(kLa + ) + sec ((♦-♦ , )/2) F*(kLa') 


e ik P 

~T7 

(3.196) 


where F(x), which is referred to as the transition function [11], is 
defined as follows: 


F(x) = 2i/x e^ x / 
/5T 



(3.197) 
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HD 


y 



ZERO DECAY CONTOURS 

REGION WITH GREATER EXPONENTIAL DECAY 
THAN AT THE SADDLE POINT 

REGION WITH EXPONENTIAL GROWTH 
NON-PHYSICAL 


Figure 3.13. Demarcation of regions of w-plane about the saddle point 
characterizing the rate of exponential growth or decay of 
waves associated with the pole locations. 
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a' = -i[f(<t>) - f(w® )] = -i [i-icos(<|)-w r )] = 2cos (<|>±<|>' )/2) . 

(3.198) 

Furthermore, for the case of plane wave incidence: L=p, and the field 

u e ( p » <t> ) defined in Equation (3.196) is commonly referred to as the 
diffracted field. 

s 

The expression for the scattered field u e (p,<j>) is obtained by 
substituting equations (3.185), (3.195) and (3.196) into (3.183). Thus, 
for large kp 

u|( p,<(.) - v(l-R e )e _lkpCOs{ * + *' + Ug W (p,<(.) + ujj(p,*) , 

0 < ( <j>, 4> 1 ) < w (3.199) 


where u^ w { p, 4>) is the surface wave field which is excited only if 
Im (6 )<0 (lm(£ e )>0). The expression for u^ w ( p, 4>) is given by 


cw V cos? - 2( Sine -COS <()')- 

«! (».♦) - "7 5 

sin<t>' +cose sine 


sec (,(w®-<|>')/2) + sec (w^+ffr 1 )/2) 


exp ^ (J®(w®) + J®(*'))| exp -ik(xsine e + ycose c ) U ( ) , 


0 < (♦, <J>'), < if (3.200) 


where is computed next. Note that if Sj < 0 or Re(£ e ) = C® = 0, the 
pole w® is not captured. Thus, assuming 0 < 5® < ir/2 and Cj > 0, it 
follows from (3.177) and (3.178) that 

-sin($®+5®)coshCj = 1 ; cosU®+$®)sinh£j < 0 . (3.201) 


Therefore, one concludes from (3.201) that 
IT - p p 3 IT 

7 < * s + 5 r < T 

Then, solving for ^ from (3.201) yields 


(3.202) 


, 0 < 5® < \ , £® > 0 . (3.203) 

Since <|> is restricted to the interval 0 < <J> < ir, the pole w| will be 
captured only if 

e “ 1 ~ e 

C > arcsin , > 0 . (3.204) 

cosh i ® 

Finally, the expression for the total field u g (p, ♦) is obtained by 
substituting Equations (3.18) and (3.199) into (3.21) such that 

u e (p>4>) ~ u e ( p , ♦) + u £( p *+) + U 0 W ^ p * + u g(P»+) » 

0 < 4> < TT (3.205) 



where Ug(p,<|>) is the incident field defined in Equation (3.16) and 
Ug( p, <|>) is the reflected field given by 

u£(5,») - vH e (*') e - il<ecos( * t *' ) , 0 < (*,♦■) < . (3.206) 
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where 




1 for <)> + <(>' < ir 

R e (4>') for (J) + <fr' > it 


(3.207) 


Before the odd problem is solved, it is convenient to write the 
diffracted field in standard form [11]. Let QE be the diffraction point 
at the edge which in this case is the origin (x=0, y=0). It follows 
from [11] that the diffracted field Ug(p,<{>) can be expressed as 


fol lows: 


u^(p, 4>) = Ug(QE)D||u,<n 


Jkp 

7 r 


(3.208) 


where 


*4(QE) 


>4(0.0) = v 


(3.209) 


Substituting (3.196) into (3.208) yields 


D;!u,n = 


i tt/4 _ _ 
-e I 1-Rc 


sm. 


[ (sinC e -cos<|>)(sin5 e -cos<J>' ) ] 
si n 4> + cos£ e 


1/2 


• e 


■l/( 2 tt)[J^(4>) + ( 4* ' ) ) 


sec(3 + /2)F (kLa + ) + sec(fl~/2)F (kLa~) 


0 < (*, <fr') < it (3.210) 


where D“(<|>,<t>') is the even UTD diffraction coefficient, and 


r - ♦ ± ♦' 


(3.211) 
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Note that the transition function F in (3.210) makes the 

diffraction coefficient D® uniform such that the diffracted field of 

e 

(3.208) exactly compensates the discontinuity of the reflected field in 
(3.206) across the reflection shadow boundary. Consequently, the total 
high frequency UTD field as given in (3.205) is continuous everywhere 
away from the diffracting edge as long as the surface wave field is 
insignificant away from the impedance wall. 

3. Odd Problem. 


Exactly the same procedure as in the even problem is followed to 
obtain the uniform asymptotic solution for the odd problem. Thus, the 

c 

first step is to express the integral representation of u Q (x,y) in the 
w-plane. Substituting Equations (3.161)-(3.163) into (3.152) yields 


%(p,*) 


-v ( 1 +R 0 ) G°(-kcosw) sinw e 


ikpcos(w-<|>) 


2iri 


i 

,o 

w 


dw 


(cos4>'+cosw) G°(kcos<j>') (3.212) 

0 < $ < TT 


where the path of integration r® is shown in Figure 3.9. The steepest 

w 

descent path C^p and the angle $ s are the same as in the even problem. 

That is, <|> s = -tt/ 4 and C<- D p is depicted in Figure 3.9. The pole 
0 * 

Sp = -k x = kcos<|>' of the integrand in Equation (3.152) on the top 
Riemann sheet of the s-domain is mapped to 

w° + = tt-*' (3.213) 
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in the w-plane, and the same pole on the bottom Riemann sheet is mapped 
to 

w°- = n + (3.214) 

r T 

in the w-plane. Furthermore, the pole of G°(s) at s° = ksin£° 

( Im( 6 q ) < 0) is mapped to 

w° -T- E° =-T- 5® - Uf , 0<Re(5°)<7 (3.215) 

On the other hand, if Im(6 Q ) > 0, the image of the pole s° = ksinC° in 
the w-plane is 

w° = C° - 7 = 5° - \ + » 0 < Re (5°) < 7 » Im5° < 0 .(3.216) 

Next, it is convenient to define the function M Q (w) such that 
-v( 1+R q ) G°(-kcosw) sinw 

M (w) = . (3.217) 

2ui (cos<|>'+cosw) G_(kcos<t>') 

Substituting Equations (3.169) and (3.217) into (3.212), one obtains 

%(p,<|>) = / M q (w) e kpf(w) dw , 0 < <j> < * . (3.218) 

r° 

w 

Note that Equations (3.182) and (3.218) are similar. Thus, the results 
obtained in Section 2 can be used here. It follows from Equation 
(3.183) that 


0 


u°(p,4>) = 2iri 


Res 


o k P f ( w s^" 
M 0 (w°)e s 




- Res 


o+ kpf (w° + )~ 


M 0 ( w r ) e 


U(w° + -4>) 


+ j M q (w) e 
C SDP 


kpf(w) 


dw 


(3.219) 


where <J» S is unknown at this point. 

The residues at w° and w° + are computed in the same way as in 

Section 2. The residue at w 0+ is 

r 


Res 


M 0 (wp e 


v ( 1+R_ ) 

= — g-Ji- e ~i k pcos ( 4* + <l» ' ) 


o+\ " M,v "r ' 


(3.220) 


Using the results of Appendix D, the functions G°(s) > G°(s) and G°(s) 
can be expressed in the w-domain as follows: 

1 


G (-kcosw) 


k(sinw+cos£°) 


, 0 < Re ( C° ) < 7 


(3.221) 


1/2 


ir/2-w+C 


G°(-kcosw) = 


1 


77 J 

t 

k(sinJ-°-cosw) 

exp 

- ~ dt 
sint 


(3,222) 


3ir/2-w-5 


1/2 


G°(-kcosw) = 


k(sin£°+cosw) 


exp 


w-ir/2+C 
1 t 


7? J dt 

~ w+ir/2-C v 


sint 

rO 


(3.223) 
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1/2 


Evaluating G°(-kcosw) at w° + , one obtains 


G°(-kcosw° + ) = G°(kcos$') = 


k(sin5°-cos<|>) 


exp 


w/2-*'+5 

J. t “ 

2» i sint dt 


• rO 


(3.224) 


3ir/2— <J»* — C 


The function G°(-kcosw) can be expressed in terms of G°(-kcosw) and 


G (kcosw) such that 


1/2 


G (-kcosw) = 


G°(-kcosw) (k(sin?°-cosw)) -l/(2ir)J°(w) 


G°(-kcosw) k(sinw+cos5°) 


(3.225) 


where 


ir/2-w+r 


J?(w) 


sint 
o 


dt 


(3.226) 


3tv/2-w-E; 


Consequently, M Q (w) can be written as 


1/2 


•Us) = 


v < l + ^ 0 )co s ( w /2)f s i n ^°-co sw )( s ^n5 0 -cos4>'] ^ 


2iri (sinw+cosr) 2sin(<t»'/2) 


sec ( (w-(j>' )/2) -sec ((w+<j>')/2) 


(3.227) 


where the following trigonometric identity has been used in (3.227): 
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-4si n (w/2) sin(<fr'/2) 

cosw ♦ cos*' ((w-»')/2) -sec (<«-♦' )/2) 


(3.228) 


3ir 


0 0 f 

Now it is possible to compute the residue at w g = ~~2 - £ (where it is 
assumed that Im(C°) > 0) such that 


1/2 


Res 


M 0 (w°)e kBf(w) 


-v 2cos ( <t>* / 2) 
2iri 


2(sin£°-cos<f>' ) 

• e-0 

smS 


cos(w s /2) 

[ sec ((w°-<|>')/2) -sec ((w%' )/2) ] ~ 

J I li y > w o t 


s -ikpsin(<|)+5 0 ) . 


I “-1 


exp 


^(J°(w°) + J ?(♦')) 


0 < Re ( 5° ) < ^ 


(3.229) 


where the following equality has been employed: 

1+R 0 si n 4> ' 2si n ( + * 2) cos(<t>'/2) 

— = = " . (3.230) 

si n 4> ' + 5 q si n <►’ + cosr 

In order to complete the solution of u*(p,4), it is necessary to 
evaluate the integral over C SOp asymptotically using the saddle point 
method. As in Section 2, assume, that | Im 6 Q | is large enough so that 
the pole w ° is not close to the saddle point or the poles w° + anc j w°“. 
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Therefore, for large kp (see Appendix G), one obtains 


/ M Q (w)e kpf ^ w ^dw = u|J(p s <|>) 


i ir/4 
-ve 

m T~ 


1+R- 


_ 2 _ 


cos ( <|>/ 2 ) 
si n ( 4 > ' / 2 ) 


'SDP 


exp 


“2tt + ) ) 


[ ( s i n ?° -cos <|» ) ( si n ?°-cos 4 ' ) ] 


1/2 


si n ♦ + cos? 


-*/. . + \ 


sec F (kLa") - sec ( ( 4>+4>' )/2) F (kLa ) 

0< ( $» <J>* ) < 11 


,ikp 

/p 

(3.231) 


where the functions F(x) and a - were defined in Equations (3.197) and 
(3.198), respectively. Furthermore, the field u^(p,<|>) is the diffracted 
field and L, as in the even problem, is equal to p for the case of plane 
wave incidence. 

The expression for u^(p, 4 >) is obtained by substituting equations 
(3.220), (3.229) and (3.231) into (3.219). Thus, for large kp 


%(p, 4>) ~ - v(l+R 0 )e' lkpCOs( * + *%("-4>-<n + u q W ( p ,^) + u o< p »*> 


0 < (♦, ♦') < w (3.232) 


where u^ w (p,<|>) is the surface wave field excited by the incident plane 
wave when Im(S 0 ) < 0 (lm(?°)>0). u^ w ( p» 4 >) is given by 
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1/2 


U Q W (x,y) = 


-v2cos(4>'/2)cos(w°/2) 
sin<t>' + cos 5° 


2(sin?° - cos ' ) 


sin? 


sec ((w°-<|>')/2) - sec ( )/2) 


-l/(2ir)(jj(<|»' )+J 


-ik(xsin?°+ycos?°) 


U(<M?) , y > 0 


where 


y s 


IT 


?° + arcsin 


“ 1 
cosh Cj 


As in the even case, <j> is restricted to the interval 0 < $ < ir. 
follows that the pole w° will be captured only if 


> 0 

Recall that the total field u Q (p,<fr) is given by 

u 0 ( P» 4*) “ Uq(p,<|>) + uJ(M) + Ug(p,<|>) , 0 < (<t>, 4*') < w , 

Substituting (3.232) into (3.236) yields 

u 0 (p»<fr) = Uq ( P» <l>) + Uq( p» 4*) + Uq W ( P» <(*) + %(p,$) , 

0 < (♦, ♦') < it 

where ( p, <|>) is the incident field given by Equation (3.16) and 

is the reflected field which can be written as 


? > arcsin 


i 


cosh? 


I 


(3.233) 

(3.234) 
It 

(3.235) 

(3.236) 

(3.237) 
%(p,4>) 
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-ikpcos( <|>+<|>' ) 


(3.238) 


u°(p,<|>) = vA 0 (<J>')e 

where 

A (f ) = _1 » (3.239) 

R q ( 4> ’ ) » 4> +< l> 1 >ir . 

Finally, as in Section 2, the diffracted field can be expressed as 
follows: 

e ikp 

%(p,4>) = %(QE) D^U,*') (3.240) 

/p 

where 

Uq(QE) = u^ (0,0) = v (3.241) 

and substituting (3.231) into (3.240) yields 


iir/4 1+R 

= 7M ~ 2 ~ 


-l/(2it)[J?U) + J°U')] * + * + 

• e 11 [sec( B /2)F (kLa')- sec(S /2)F (kLa )] , 

0 < (<fr, ♦') < it (3.242) 

which is the odd UTD diffraction coefficient. The diffraction 

coefficients and will be referred to as the two-dimensional 
e o 

coefficients to differentiate them from the diffraction coefficients 
that will be obtained in Chapter IV for the more general case of oblique 
incidence. Again, D^j in (3.242) makes u^ uniformly valid across the RSB 


cos(<|>/2) [(sin5°-cos<|))(sinC 0 -cos<ti' )] 


si n4> + cos£ 


no 


where u° becomes discontinuous such that the total high frequency UTD 

P 

sw 

field in (3.237) is continuous there (assuming u Q is insignificant away 
from the impedance wall). 


D. EVALUATION OF THE DIFFRACTED FIELD ON THE IMPEDANCE SURFACE 


The asymptotic solutions presented in Equations (3.196) and (3.231) 

_i/2 

include terms up to the order k with respect to the incident field. 

It is easy to show that both even and odd diffracted fields to order 
_l/2 

k vanish when the observation point is on the impedance surface, 
i.e., <|>=ir. However, there are some applications when a better 
high-frequency description of the diffracted field is necessary; for 


example, when analyzing antennas mounted on an impedance wall [31], In 
this section, a more accurate asymptotic evaluation of the integral 
along the steppest descent path is considered. 

Recall that the function M g (w) defined in Equation (3.170) has 
three poles in the periodic w-plane. When the even diffracted field was 
evaluated in Section C, it was assumed that the pole w® was never close 
to the saddle point, so only the geometrical optics poles were allowed 
to be near the saddle point. In this section, the pole w $ will also be 
allowed to be close to the saddle point, and details of the method [40] 
are given in Appendix G. 

Using the results of Appendix G, the uniform asymptotic evaluation 

of the integral in (3.196), which takes into account the presence of the 
. e+ e- e 

poles w p , w p and w s , is given by (for large kp) 
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i ir/4 


„ y 0 

J M g (w)e i pf ^dw = Ug(p,<f») - 


1-R, 


_ 2 _ 


'SDP 


[(sinC e -cos<(>)(sin5 e -cos<|> , )1 i ' “ -1/(2 tt)(Jj(<|>)+JJ(<|>') 


1/2 


1®/ i\xi e / 


• e 


si n <|> + cos? 


(sec(B + /2)T(a + ,a®) + sec( e"/2)T(a',ap) 


Jkp 

7T 


(3.243) 


where the function T # which is referred to as the composite transition 
function, can be expressed as follows: 

C a p) 1/2 Ff-kLa 4 ) - (a ± ) 1/2 F(-kLa«) 

T(a“,a®) = ~ 1/2 + 1/2 • (3.244) 

P la®) - (a") 

The function a - was defined in Equation (3.198) and F(x) is the same 
transition function as in Equation (3.197) but generalized to the case 
of complex argument [41], In order for (3.244) to converge, the 
argument of /x is restricted to [41] 

“ir < ar 9 (W < J (3.245) 

0 

as shown in Figure 3.14. Furthermore, the complex function ap is given 

by 

(3.246) 
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I 






REGION WHERE THE ARGUMENT OF ./% IS 
ALLOWED TO EXIT 


Figure 3,14. /x plane. 


It follows from (3.245) that 

— 3tt p ir 

~T < arg Cap < 2 
and 


-3* r * 

~Y~ < arg [a ] < 7 


(3.247 


(3.248 


In other words, the square root function /x in (3.245) has a branch cut 
in the x-plane as depicted in Figure 3.15. 



\ /2 -3tt if 

Figure 3.15. Top sheet of x function where “jj - < arg ( x ) < "jr* 


Note that the new more accurate expression for the diffracted field 
u e(p»4>) given in (3.243) does not vanish when that is 

u[j(p,w) * 0. (3.249) 

In order to obtain a new more accurate expression for the odd 
diffracted field Ug(p,<t>), which does not vanish on the impedance 
surface, a different procedure is followed. The function M Q (w) given in 
(3.227) is zero when the saddle point is equal to <j>=Tf, which means that 
a higher order term is required. Instead of computing a higher order 
term by the method described in Appendix G, another approach which is 
given by Felsen and Marcuvitz [42] is followed. The details are given 


114 



in Appendix H and only the final result is presented here. Thus, when 
$=ir, and kp is large 


%(p,*) - 


21 /Te-*Ml-cos2*') Q[ . 1b /R] + (fe )*'* i 


PJ b 


ikp 


2 o 2 1/2 -l/(2ir)J. ($' ) 

v sin<j)'(sin e -cos <►') e 


2iri 


( si n 4 >* + cose 0 ) 


“ — 1/ ( 2tr) J? ( ir+«^ ' ) -l/(2ir)J?(ir-<j>' ) — 

e e 

cose 0 - sin<t»' si n + cose° 


where 


b = n e 1ff/4 sinU72) 
and 

• 2 

Q(x) = j e" x dx 
y 


(7 


(3.251) 


(3.252) 


The new expression in (3.250) is not identically zero at <fr=ir for a 
finite p. However, as shown in Appendix H, when the parameter 
|b/£p| -*■ «, ujj(p,ir) -*■ 0. 
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E. SLOPE DIFFRACTED FIELD 


When the diffracted field was obtained in Section C, it was 
implicitly assumed that the incident field u 1 ( p, ♦' ) had a slow spatial 
variation in the vicinity of the diffraction point (x=0,y=0) .except for 
the phase along the incident ray. When this is not the case, it has 
been shown in [10] that the diffracted field must be supplemented by a 
higher-order term in the asymptotic expansion of the integral along 
C$op* This higher order term which is referred to as the slope 
diffracted field u sd (p,<|>), is given by the following expression [10]: 


u sd (p,4>) 







(3.253) 


where the vector n', and the point of diffraction (QE) are shown in 
Figure 3.16. The expression for the slope diffraction coefficient 
d S ( <(>» 4> 1 ) is as follows: 

, 1 3D d 

d (♦.♦') -77^7 (♦,♦•) (3.254) 

where D d (<}>, 4 >') is the diffraction coefficient which was defined in 
Section C. Substituting Equation (3.210) into (3.254) yields 
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d Se <*,*') 



e in/4 [(sin^.cos^jfsin^.cos^')]^ 2 


/2irk 


sin* + cosS 


■l/(2ir)(J?(*)+J?(*' )) 

• e 

[sin(372)F s *(kLa")-sin(p + /2)F s *(kLa + )] 

+ [sec( 0 + /2)F*(kLa + )+sec( B~/2)F*(kLa")] 

Sin*' cos*' ir/2+5 e -4»’ 3ir/2-*'-5 e 

• + 

2(sin£ e -cos*' ) (sin*'+cos? e ) 2ircos ( ? e -* ' ) 2ircos(*'+5 e ) 

(3.255) 
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for the even slope diffraction coefficient. The function F g (kLa) is 
gi ven by 

F $ *(kLa) = 2ikL (l-F*(kLa)) . (3.256) 

Similarly, the odd diffraction coefficient can be obtained by 
substituting (3.242) into (3.354). After some simplification, one 
obtains 

_2 cos(<|>/2)[(sinc 0 -cos(|>)(sin5 0 -cos<|>' )] 1/2 

dS ° ( 4>, ' ) = Tj7 Tfrf I o 

^ ( si n <|> + cos5°)(sin<|) l +cosC 0 ) 

• e 

cos(^/2)[sin(e72)F s *(kLa")+sin(e + /2)F s *(kLa + )] 

+ [sec(3~/2)F (kLa“)-sec(B /2)F (kLa + )] 

” cos(*72)sin*' cos(*72)cos*' s in(V/2) 

• • ———————— ^ " 1 " ' " _ 

2(sin5°-cos<j>' ) ( s i n <}> 1 +cos 5° ) 2 

cos ( <(> 72) ( tt/ 2+C°— 4* 1 ) cos ( $72) (3ir/2-4>' - £°) — 

0 + o • 

2ircos(£ -<)>' ) 2ircos(i|» , +5 0 ) 

(3.257) 
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Adding the slope diffracted field to Equations (3.205) and (3.237), 
the total fields u e (p,<|>) and u Q (p,<fr) become 


u e (p,4>) 


i p sw d cH 

u e (p*^) + u e (p,$) + u e (p,$) + u e (p,<fr) + u e (p,<fr) , 


0 < 4> < TT 


(3.258) 


and 


%(p,*) 


Uq(p,<|>) + u o r (p,*) + u^p., 


+ u d (p,<|>) + uj d (p.*) , 


0 < <|> < TT 


(3.259) 


F. SURFACE WAVE EXCITATION 

Let the incident wave be a surface wave field as shown in Figure 
3.17. Assume that 

. -M * . ^ ~ 

^ 1 ST i8x -ay 

U sw = ve = ve e (3.260) 

is the incident surface wave field, where 

? = x6 + lay (3.261) 

is the complex propagation constant. Note that the constants 8 and a 
are also complex, that is 

B = 0 r + i$! (3.262) 

and 

® = a^ + i Oj • (3.263) 


119 



y 



Figure 3.17. Geometry for surface wave excitation. 


Rewriting 5 in terms of real and imaginary parts, one gets 
-*-i +i . >i 

« = ? p + 1 ? a (3.264) 

where ^ and tg are the real and imaginary parts of V , respectively. 

It follows from Equations (3.262) and (3.263) that 


1 J 


= x B r 


y «t 


and 


-►i A ~ A 

? a = * *1 + y « r 


(3.265) 


(3.266) 
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1. Even Problem 


The total field can be expressed in terms of the unperturbed and 
scattered fields such that 

u e (x,y) = u e (x,y) + u*(x,y) (3.267) 

where 

u e (x,y) = Ug SW (x,y) = v exp(iB e x - ofy) for |x|<» , y>0 (3.268) 

is the unperturbed field. It follows from Equations (3.8) and (3.17) 
that 

a® = a® + ia® = ik$ g = ikcosS® = ikcosS® coshhS® 

+ ksinc® sinh?® (3.269) 

and 

3® = 3^ + i?® = k(l-6g) l/2 = ksin? e = ksinS® cosh?® 

+ iksinhf;® cosS® . (3.270) 

Note that the unperturbed field exists on the whole impedence plane 
shown in Figure 3.2. Substituting Equations (3.269) and (3.270) into 
(3.265) and (3.266) yields 

Cp® = kcoshs® (x sin£® - y cosS®) (3.271) 

and 

= ksinhSj (x cosS® + y sinS^) . (3.272) 
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The vector Cp e is usually referred to as the propagation vector, while 
is known as the attenuation vector. It is easy to show that ?p e 
and c satisfy the following identity: 



(3.273) 


Recall that 6 is either the normalized impedance (TE ) or the 
normalized admittance (TM Z ). It follows from (3.269) that the surface 
wave field u^ w exists if and only If Im (6 ) < 0. In other words, it 
exists if 


Im (Z s ) 

< 0 

for 

the 

TE z 

polarization 

(H z ) 

(3.274) 

or 








Im (Z s ) 

> 0 

for 

the 

™z 

polarization 

( E z) 

(3.275) 

Thus, for a 

given 

surface 

impedance Z s , only one polarization 

of the 

surface wave 

field 

1 can 

i exi 

i st . 





The next step is to solve for the scattered field u|(p,$). Exactly 
the same procedure as in the case for plane wave incidence is followed 
to solve for u^(p,<f»). The scattered field satisfies Equations (3.22), 
(3.23), and 


9 s -9 ^ 

9y u e (x,y) = ay u e (x,y) for y = 0, x > 0. (3.276) 

Details of the solution are shown in [46] and in [43] where the dual 
integral method is employed. For large kp, the total field u e ( p, 4>) can 
be expressed as 
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where 


u e ( p» ♦) ~ Ug SW (p,i|») U(<fr-$g) + Ug SW (p,t) U( <(>-4^ ) + Ug SW (p,«|») 

0 < 4> < ir 


(3.277) 


^"(p,*) = 


-(l-sin? e )v 
sin? 6 


exp 


i 2 « e - t 


- / 
0 


sint 


dt 


exp(-i0 e x - a y) 
(3.278) 


is the reflected field and 


dsw, .x 
u e (p,« P) 


-irr/4 . „e 
ve icos? 

/2irk (sin? e -cos<|>) 


2sin? e (l+cos$) 

(l+sin? e )(sin? e +cos<fr) 


exptJ|(+)/(2ir)) 


ikp 


/P- 


(3.279) 


is the diffracted field. The function J®^) is given by 


t+r-ir/2 


J ?(♦) = J 


2? e -x 

u u 

sinu “ i sinu 


du 


(3.280) 


<f>-r+ir/2 


0 


dsw 

The diffracted field u g (p,$) was computed assuming that no poles 

were close to the saddle point. In other words, Equation (3.279) is not 

dsw 

a uniform asymptotic expression. This means that u g is a valid 

expression away from the shadow boundaries <|>=^ and However, 

dsw 

near the same shadow boundaries u g (p,$) is not correct because the 
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/ 


total field will be discontinuous when <j»=$g and <|>=$®. In the next 
section, a uniform asymptotic expression for Ug SW (p,<|>) will be obtained. 
The surface wave fields u^ sw and u^ sw are not very significant with 

c B 

d sw 

respect to u & (p,<|>) when the observation point is away from 
Therefore, they can be ignored when the angle is away from the 
impedance surface and the expression for u^ sw given in Equation (3.279) 
is quite accurate. 

The angle was defined in Equation (3.203) and + 1 * , which is 
computed in exactly the same way as 4!®, is given by 


x 1 

<i> = £ - arcsrn 


1 


JCOS^j 


, 0 < Z* < ir/2 , 5® > 0. 


(3.281) 


As in Equation (3.261), one can define a vector c re such that 


~e tre . .tre 


>P0 

? = -x 5 + iy = C + 15- 

r d 


(3.282) 


t >p 0 ^p 0 

where Cp and c a are the propagation and attenuation vectors of the 
reflected surface wave field u£ sw , respectively. 

It follows from (3.282), (3.269), and (3.270) that 


+re e,* 9 * 9 

c p = -x - y * kcoshSj (-xsin^ r - ycos£ p ) 


(3.283) 


tre 


~-e 


? a = _x ^ + y « r “ ksinh5j(-x cos?* + ysinSji) 


(3.284) 
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The vectors £p 6 and are shown in Figure 3.17. Furthermore, 5p e and 
Sg 6 satisfy identity (3.273), and ? e has to satisfy Equation (3.204) so 
that the pole contributing to the reflected field u£ sw can be captured. 

2. Odd Problem 

In this case, the scattered field u^ ( p, «(>) satisfies Equations 
(3.103), (3.104) and 

Ug(x,y) = -u Q (x,y) for x > 0 , y = 0 (3.285) 

where u Q (x,y) is the unperturbed field given by 

%(x,y) = U Q SW (x,y) = v exp ( i 8°x - a°y) (3.286) 

where 

a 5 = ikcost; 0 = ik5 Q (3.287) 

. « 1/2 

B° = ksinr = k(l-«^) . (3.288) 

It follows from [43] that the total field u Q (p,<|>) is asymptotically 
equal to 

u Q (p,<l>) ~ Ug SW (p,<{>)U(<M>g) + u q SW (p,<I»)U( < fr-^) + Uq SW ( p, < fr) , 

0 < + < it (3.289) 

where ^ was defined in Equation (3.234) and !j> is given by 
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~i o 

♦o = ■ arcsln 


- 1 


cosht 


I_ 


, 0 < 5° < ir/2 , Cj > 0 


The field u£ sw is the reflected field which is given by the 
expression : 


rsw VC0SC 

uj (p,<t>) = ” exp 

si n^ 


n 25 °-tt 
-1 u 


7T J sinu 
0 


du 


. +ro + 
i C • r 


where 


r° - -xi° + i«° j - 1 :° + iL ro 

P a 


The propagation vector 5 is equal to 


Cp° = -xej - yaj = kcosh?j(-xsinC° - ycosS°) 


>r 0 

and the attenuation vector is given by 

a 

C™ = " x + y ®r = ksinhe®(-xcos5j + ysin£°) 


dsw 

The diffracted field u Q can be expressed as follows: 


dsw. . 

% (p,4>) = 


. — tt/4 
•ie v 


/2irir 


si n 4 > 


sin£°-cos<|> 


1/2 


2 s 1 n 5 


sine +cos (j> 


r 


“I e 


ikp 


exp | 1/ ( 2 tt ) ( ij>)J , 0< * 

/ p 


. (3.290) 

fol 1 owi ng 

(3.291) 

(3.292) 

(3.293) 

(3.294) 


< w (3.295) 
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where 


♦+5°-w/2 u 2!- 0 -* u 

J°U) = I — — du - I — — du . (3.296) 

2 V 9 ' J sinu J sinu v * ' 

<|>-S 0 +ir/2 0 

As in the even case, the diffracted field is computed assuming no poles 
are close to the saddle point. In other words, the expression for 
ufW) in (3.295) is not uniform. Therefore, the total field u Q (p,<|>) 
is not continuous at the shadow boundaries <f>=^ and <|>=$°. A uniform 
expression for u Q (p,<|>) will be obtained in Section 3. Furthermore, in 
order for the field u Q to exist, 5 has to satisfy Equation (3.235). 

3. Analytic Continuation 

There is another way to obtain the total fields u g (x,y) and u Q (x,y) 
by an analytic continuation of the angle into the complex domain for 
the case of plane wave excitation [24], 

Recall that when the angle of incidence is equal to the Brewster 
angle $ b , the Fresnel reflection coefficient vanishes [21] such that 

sin$ b -cos£ 

RU* = I ) = = 0 . (3.297) 

sin$ b +cos£ 

It follows from Equation (3.297) that 

? b = ir/2 ± I- . (3.298) 
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Substituting Equation (3.298) into (3.16), one concludes that the only 
possible solution is 

♦ b = »/2 + 5 . (3.299) 


EVEN PROBLEM 


Substituting Equation (3.299) into (3.16) yields 

“e S "(*-*b) ■ ve- ikpcos( *-" /2 - 5e > - ve -ikes1n<*-c e ) 


(3.300) 


u e SW = v ex p( i0e)( ■ « e y) 


(3.301) 


which is identical to Equation (3.268). The expression for u g(p»$ b »+) 
becomes 


u e ( p » ^ b » ^ ^ 


e 

vcos E, 
~2ri 


, G®(-kcosw) e ikpcos(w-4>) 
r® (co$w-sin£ e ) G e (-k$inS e ) 

W " 


(3.302) 


The original geometrical optics poles w® + anc | w®~ become 


~e+ ~e 

w r = 71 - *b = 

ir/2 - C 6 

, 0 < 

4 < w/2 . » 

> o 

(4.303) 

and 






w r = " T + *b : 

= -if/ 2 + f 

, 0 < 

4 < »/2 . 

4 > 0 

(3.304) 

where the new poles 

~e+ , ^ 0 - 

w„ and w_ 
r r 

are depicted in Figure 

3.18. 

Note that 


in this case, the pole w r will contribute to the total field unlike the 

case for plane wave excitation where w® + contributes to the total field. 

Deforming the contour of integration r e , one gets 

w 
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Ug(p,$) = 2iri C-Res(w^“)U(+g-^) + Res(w®)UU-*|)] 


vcos£ e 

+ 

2iri 


i 

C SDP 


G®(-kcosw) e ikpcos(w-+) 
(cosw-sin£ e ) G®(-kcosw^~) 


dw 


(3.305) 


where the steepest descent path C SQp is shown in Figure 3.18. 
The residue at w^"is given by 


vcos£ e G e (-ksin5 e ) 

Resfw 6- ) 1 e 1kpcos(5 e -./2-+) 

r cos 5 2*i G^(-kcoswT) 

V ~ 

= 2tiT ex P(i - o^y) • (3.306) 


In order to compute the residue at w| it is necessary to rewrite 
G®(-kcosw)/G®(-kcosw®~). Substituting Equation (3.167) into (3.304) 
yields 

w®‘ = -ir/2 + 3ir/2 - w® = ir - w ® . (3.307) 


Thus, 


G®(-kcosw)/G®(-kcosw®~) 


G®(-kcosw) G e (-kcosw) 

G®(kcosw®) G®(-kcosw)G®(kcosw®) 

(3.308) 
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Figure 3.18. Integration paths r and C-™ in the periodic w-plane for 
k*kj_ (real). w 
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Substituting Equations (3.186)-( 3.188) into (3.308) one obtains 


G e (-kcosw) 

G®(-kcosw^~) 


sinw 


sinw+cosC 


X / 2 

[(sin 5 e -cosw ) ( si n 5 e -coswf ) ] 


2sin(w/2) sin(w^/2) 


• exp 


♦ of(w))/(2»)) 


(3.309) 


Now the residue at w® can be computed. After some simplification, the 
£ 

residue at w $ can be expressed the following way: 


v(l+coswp 

Res(w®) = — exp (-J?(w®)/n) exp(i$ e x - c^y), y > 0 

2iricosw^ s (3.310) 


where 


25 -IT 

J®(w*) = J*(3ir/2-5 e ) « j t/sint dt . (3.311) 

0 

For the case of plane wave excitation, the uniform asymptotic 
evaluation of the integral along C^p was equal to the diffracted field 
u g(p»<l>). Therefore, the diffracted surface wave field can be obtained 
directly from Equation (3.196) by letting = ir/2 + E, e such that 
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-ve ilT ^ 4 [(sin€ e -cos<f>) 2sin£ c ] 
2(sin<t> + cosf) 


, _ „e- 


1/2 


ufv,*> = 


•exp 


”( J^( <)>) + Jj(Wg) )/(2 it) 


sec((<t>+ir/2+5 e )/2) T(a+,a®) + sec ( ( <f>-Tr/2-£ e )/2) Ka^.a®) 


,ikp 

7r 


(3.312) 


where T was defined in (3.244), a* is given by 


+ 2 

a“ = 2cos 
e 


(<|>±(iT/2+C e ))/2 


(3.313) 


and F(x) is the generalized transition function where x can be a complex 
number. As stated before, the argument of /x has to satisfy Equation 

(3.245) in order for (3.312) to converge. 

Substituting Equations (3.306) ,(3.310) and (3.12) into (3.05) 

yields 

Ug = (p, 4>) ~ -v exp(i3 e x - cfy) U(^-<|>) + u^ sw ( p, 4>) + u^ sw ( p, 4>) » 

0 < <|> < tt (3.314) 

where Ug SW ( p, <(>) is the reflected surface wave field given by 
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u 


rsw 

e 


( p* 4>) 


v(l+cosw®) 

exp(-jf((w®)/ir) exp(-i $ e x - cfy) U(<M?) 

cosw^ 5 s 

(3.315) 


which is identical to Equation (3.278). The total field u g (p,<fr) is 
obtained by substituting Equation (3.314) into (3.267). Thus, for 
large kp 

u e (p,<fr) ~ u e SW ( ♦•^b) U(m£) + % SW (p»*) + u e SW (p^) (3.316) 


1 SW ~p 

where u g (^,^) was defined in Equation (3.301). 

Note that the expression for Ug SW (p,<f>) in Equation (3.312) is 
uniform, whereas the non-uniform result was previously given in Equation 
(3.279). Thus, one can get the expression in (3.279) from (3.312) by 
assuming that |Im(5 e )| is large. In other words, for large |kLa~| and 
I kLa p I , it can be shown that [11] F(-kLa®) = F(-kLa*) - 1. It follows 
from (3.244) that 

T (V a p) “ 1 • (3.317) 

Substituting Equation (3.317) into (3.312) yields 


uf w (»,0) - 


-iir/4 . e 
ve icos? 

/2irk (sinC e -cos<|») 


1/2 


2sin?; e (l+cos<|>) 

( 1+si n 5 e ) ( si n £ e +cos i>) 


sin<fr-cos£ 


sin<j>+cos5 


1/2 


e,e Nn Jkp 


•1/(2»)[JJ(*)+J“(w')] e 


(3.318) 


133 



where J®(w®) was defined in Equation (3.311) and 


ir/2-<|>+r 


JjU) I 


3Tr/2-4>-r 


<|>-tr/2-5 


<t<+? -3ir/2 


(|.+r-3ir/2 


dt = / 


d>->r/2-5 t 


(3.319) 


Letting u = t + it, 


becomes 


4>+r-*/2 


j ® c +)= / 


<|>+5 e -ir/2 <(»+^ e -ir/2 

u 'it 


du s - / 


: du + f : du. 

sinu J sinu 


<J>-C +tt/2 


♦-r+ir/2 


♦-5 +*/2 


(3.320) 


The second integral in Equation (3.320) can be evaluated in closed form 
such that [44] 


<f>+r-ir/2 


! sinu du = " l0 9 


♦*f+»/2 


♦+5 -w/2 


$-5 +t/2' 


sin<|>-cos5 

sin<(>+cosC € 


(4.321) 


Using Equation (3.320) and (3.321), one obtains the following 


expression: 


-. 1/2 


1 p “ l/(2w) j|( «|>) sin<|>+cosC e 

exP -TH (J?(*)+J?(w«)) = e “ . (3.322) 

“ sin((»-cosC 


Finally, substituting (3.322) into (3.318), one obtains 
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Hc „ ve'^'W* 
uf w (p,*) — — ; — 7 

(sine -cos <|>) 


2si n C e ( 1+cos «t>) 

( 1+si n e e ) ( si n e e +cos $) 


1/2 


ikp 


ex p(j|( 4>)/(2ir)) 


(3.323) 


which is identical to Equation (3.279). 


ODD PROBLEM 


In this case, letting 4>'=4>£=TT/2+e 0 in Equation (3.16) yields 


Jsw, £>* = -ik P sin(<fr-e°) = „ ovr , M «°v _ „ ~ (A ^ 

u „ \ » c * '- / 'KV • * " - .7 / “n ' r * r h ' ’ 


o VT,r b' 


0 < * < it (3.324) 


where u Q (<}i,^) is the unperturbed field. Furthermore, Equation (3.212) 


becomes 


Uo(P»*b»*) = 2rT f 


-V 


G°(-kcosw) e ^pcos(w ^sin w dw 


(cosw-sine°) G°(-ksine°) 


(3.325) 


The geometrical optics poles w° + and w°~ become 


and 


~o+ . _ n 

wf; = ir/2 - e 


v^‘ = -w/2 + ^ 


(3.326) 

(3.327) 


where 0 < Re(£°)< it / 2 and Im(e°)> 0. The above two poles 
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are depicted in Figure 3.18. Note that the integrand in (3.325) 
still has three poles, namely, wP + , wj" and w°. Following the same 
procedure as in the even case, the total field u Q ( p» <t>) is given by 

u 0 (p,4>) ~ Uq SW (p,4>) U(<Mq) + Uq SW ( p,4») + Uq SW (p,4>) , 0 < 4 . < ir 

(3.328) 

where 

u™(p,*) = vtan(w°) exp(-J°(w°)/ir) exp(-i&°x - a°y) UU3? S ) 

(3.329) 

is the reflected field, and 

1/2 

, -ve 1ir/4 cos ( <f>/2) [2sin5°(sin5°-cos<t>)] 

dsw, ,x 

u. ( P»4>) ~ n o 

0 /£irk 2sin(w°/2) sin<|>+cos? 


• e 


sec ((<!>-*/ 2- 5°)/ 2) T(a Q , a°) 


- sec (U+tt/ 2H 0 )/2) T(a*,a°) 



0 < «|> < n (3.330) 


±0 . 

is the odd diffracted field. The constants a Q and ap are given by 


± 2 
a Q = 2cos 


4>±(ir/2+5°) 


; a° = 2sin ((<|>-w°)/2) 


(3.331) 


and they satisfy Equation (3.248). Note that T is the composite 
transition function which was defined in (3.244). 
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As expected, the diffracted field in (3.330) is not the same as the 
one given in (3.295). However, assuming that | Im So| is large enough so 
that Equation (3.317) is true. Equation (3.330) becomes 




. -iir/4 . 
-vie sin<ti 


/2irk (sinC°-cos<|>) 


2sinS 


sinS +cos<j> 


1/2 


sin<|>-cos5 

sin<J>+cos?; C 


1/2 


• exp 


"-1 


J? (J°U)+J°(w°))_ 


Jkp 


/p 


, 0 < <(> < IT . 
(3.332) 


As in the even case, it can be shown that 


exp 


- J 


sin<j»+cos5° 

J? (0®(*)+jJ(w®))_ 

= exp( ( 4»)/(2tt) ) 

sin<t>-cos5° 


1/2 

. (3.333) 


Substituting (3.333) into (3.332) yields 




. -in/ 4 
i ve 

si n<(> 


0 

2sin5 

/2ffk 

sin?°-cos<(> 


sinC°+cos<J> 


1/2 


*exp ( ( 4>) / ( 2 ir ) ) 



0 < $ < IT 


(3.334) 


which is the nonuniform expression obtained in Equation (3.295). 
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CHAPTER IV 


IMPEDANCE BISECTION PROBLEM 
(OBLIQUE INCIDENCE) 

A. STATEMENT OF THE PROBLEM 

Chapter III was restricted to the case where the fields had no 
z-variation; hence, it was a two dimensional problem. In this chapter 
the more general case of oblique incidence will be considered. The 
geometry of the problem is shown in Figure 2.6. It was shown in Chapter 
II that there are two ways to scalarize this vector problem. In this 
chapter, the normal field components Ey and Hy will be used. Recall that 
these fields satisfy the scalar Helmholtz differential equation as shown 
in Equations (2.36) and (2.37). Furthermore, as indicated in Chapter 
II, the normal field components Ey and Hy independently satisfy the 
following impedance (or Leontovich) boundary conditions for x<0, y=0: 

— 3 “I 

Jy + ik5 a_l E y = 0 , x < 0, y = 0, |z|<- (4.1) 

“3 “ 

3y + ik5 h H y = 0 f x < 0, y = 0, |z|<» , (4.2) 

where 
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(4.3) 


$ a Z s /n 0 = normalized impedance, TM y polarization 

5 h n o^ Z s = norma li zed admittance, TE polarization 

The subscript " a" refers to the Ey field, while the subscript "h" 
refers to the Hy field. 

When the region {x>0, y=0, |z|<«} is a PEC, the boundary conditions 
are given by Equations (2.32) and (2.33). On the other hand, if a PMC 
ocupies the region {x>0, y=0, | z | <«*} , the boundary conditions satisfy by 
Ey and Hy are given by Equations (2.34) and (2.35), respectively. Thus, 
there are four problems that need to be solved. The case when a PEC 
ocupies the half-plane {x>0, y=0, | z | <«»} will be solved for both 
polarizations. The other case, when the PMC ocupies the same half-plane 
as the PEC, will be obtained by duality for both Ey and Hy fields. 


B. PEC CASE 

e 

1. TMy polarization (Ey, even problen) 

Let the incident field be equal to 

E y(x,y,z)=E cy exp[i (k x x-k y y+k z z)] (4.4) 

I I I 

where E cy i s an arbitrary constant, and the constants k x , k y , and k z are 
given by 
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k =-Kcos 4> ' ; k = Ksin^' ; k =-kcos0' ; 0<9'<u, 0<<j>'<n 

x y z 

where 

K=Ki + iK 2 = ksin0'= (kx + ik 2 )sin©' 

Substituting Equation (4.5) into (4.4) and using cylindrical 
coordinates yields 

Ey(x,y,z)=E cy exp[-iKpcos( )+i k z z] . (4.7) 

Note that the boundary conditions are not a function of z, and since the 

geometry depicted in Figure 2.6 is a two-dimentional geometry, it 

i r d 

follows that all components of the total field E y , i.e, E y , E y , E y , 
etc., will have the same z-variation. In other words, they will have 

I 

the common term exp(ik z z). Consequently, the differential Equation 
(2.36) becomes 

(V* + lOE y =0 , y>0, | x | and |z|<- . (4.8) 

Following the same procedure as in Chapter III, the total field Ey can 
be expressed as 

E y (x,y,z)=E y e + E y + E y , y>0 (4.9) 


(4.5) 


(4.6) 
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where E y is the unperturbed reflected field given by 


I I I 


E y (x,y,z)=E cy R a U',Q',« a ) exp[i(k x x+k y y+k z z)] 


(4.10) 


where 


sin<fr* - 6 a /sine' 
R a ( 4>* » 0 ' » 5 a ) = sin*' + 6 a /sin9' 


(4.11) 


is the Fresnel reflection coefficient for dn impeddnce wdll* Note thst 

the superscript "e" refers to the even problem. 

se 

Since the field E y (x,y,z) satisfies the same boundary conditions 
(Equations (4.1)and (2.32)) and differential equation (except that k is 
replaced by K in Equation (4.8)) as the field u*(x,y) in Chapter III, 
it is not necessary to repeat all the analysis for E y e . However, the 
similarities end when the edge conditions satisfied by E y have to be 

A A 

used. Therefore, it follows that E y+ and E y _ satisfy Equation (3.58), 
that is 


$ ae (s)G ae (s) = E**( S ,0) + E y *(s,0)G ae (s) , t_< t <t + 


■>ae. 


= c se, 


:se, 


,ae, 


(4.12) 


where the common term e^z has been dropped and 


141 


r = (Im K)cos<t>' = K 2 cos<t>'= k 2 sine'cos<|>' 


( 4 . 13 ) 


x + =(Im K)= K 2 = k 2 sin0' 


The constants G ae (s) and $ ae (s) are defined as follows: 


ae 8 

G (s)= JTI 


$ ae (s)‘ 


1E cA (1 ' R a> 


rfi (s+k x )s 


where the function p, given by 


2 2 1/2 
0= (K - s ) 


is defined in exactly the same way as in Chapter III, except that k has 
been replaced by K. Factorizing G ae (s) and decomposing G ae (s)$ ae (s) > 


G ae (s) = G ae (s)G ae (s) 


G ae (s)$ ae (s)= D ae (s) + D ae ( s ) 


2 


ap 

where G_ (s) is regular and free of zeros in the lower half s-plane 
defined by x < K 2 , while. G ae (s) is regular and free of zeros in the 
upper half s-plane x > -K 2 . The details of the factorization of G ae (s) 
are shown in Appendix D. As shown in Appendix E, the decomposition of 
G ae (s)$ ae (s) can be done by inspection. The functions D ae (s) and D ae (s) 
are given by 



1 Vy 

/2tt k5 a (s+k x ) 


~ 1 



(4.20) 


D! e (s) 


iE k 1 ( 1-R ) 
cy y' a 7 

vK k6 (s+k ) 


~ 1 1 “ 
_G ae (s) G ae (-k x )_ 


(4.21) 


where D ae (s) is regular in the upper half s-plane x > x_, while D ae (s) 
is regular in the lower half s-plane x < x + . Furthermore, by the same 

A 

arguments as in Chapter III, E^ + (s,0) is regular in the upper 

A 

half s-plane defined by x > x_ and E y _(s,0) is regular in the lower 
half s-plane defined by x < x . 

Substituting Equations (4.18) and (4.19) into (4.12) yields 


of (s) - E“(s,0)8“(s) » E”(s,0)/8“(s) - D"(s) ,T.<T<t + . (4.22) 


.se. 


,ae, 


:se 


ae- 


^e. 
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By analytic continuation, both sides of equation (4.22) are equal to a 
polynomial P(s) (P(s) is an entire function which is unknown at this 
point) such that 

Df(s) - iy+(s f 0)G* e (s) = Ey®(s,0)/G® e (s) - D ae (s) = P(s) for all s 

(4.23) 

where 

P(s)= Co + C^s + C2S 2 + ... + C n s n . (4.24) 

In order to obtain unique solutions for E*® and E^ e , it is necessary to 
determine the unknown coefficients (C. }?„. In Chapter III, the 
coefficients of the polynomial P(s) were determined by examining the 
asymptotic behavior of both sides of equation (3.65). The same 
procedure will be followed in this chapter. Using the results of 
Chapter III, one obtains 


G“(s) 

- 1 

as 

M 

+ 00 

for t > x_ 

(4.25) 

G! e (s) 

~ 1 

as 

|s| 

-> 00 

for t < x + 

(4.26) 

Df(s) 

.1 

- s 

as 

|s| 

-> 00 

for x > t 

(4.27) 

D a _ e (s) 

~ s 

as 

|s| 

-► 00 

for T < T + 

(4.28) 


Thus, the asymptotic behavior of E^® and E^® remains to be determined. 

It is shown in Appendix B that the behavior of the transverse components 
Ey and near an edge is more singular than that of the tangential 
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components E z and H z by a factor of p _1 (see Equation (B.6)). It follows 
from Equations (A. 13) and (A. 15) that 

Ey+(s,0) - Ug + (s,0)s as | s | » for t > t_ (4.29) 

Ey®(s,0) - Ug_(s,0)s as |s| + » for x < t + . (4.30) 

Substituting Equations (3.66) and (3.67) into (4.29) and (4.30), 
respectively, one obtains 

Ey+(s,0) ~ s° as | s | -*• ® for x > x_ (4.31) 

Ey®(s,0) ~ s° as | s | -*■ « for x < x + . (4.32) 

Moreover, substituting (4.25)-(4.32) into (4.22) yields 

of(s) - Ey®(s,0)G® e (s) - s° as |s| + « for x > x_ (4.33) 

Ey®(s,0)/G® e (s) - D® e (s) ~ s° as |s| ® for x < x + . (4.34) 

It follows from (4.23) that 

P(s) - s° as | s | . (4.35) 

Thus, at most the polynomial P(s) can be a constant such that 

P(s) = C® . (4.36) 
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It will be shown later that indeed, P(s) has to be a nonzero constant in 
order to obtain solutions that satisfy the radiation condition. 

Substituting Equation (4.36) into (4.23) and solving for Ey®(s,0) 

A cp 

and Ey_(s,0), one obtains 

E“(s,0) = (Df (s) - C®)/G*®(s) (4.37) 

E“(s,0) = (C® + D*®(s))G*®(s) (4.38) 

where the unknown constant C® has to be determined. Combining Equations 

A cp 

(4.37) and (4.38), the expression for E^ becomes 

Ey e (x,y,z)=[Ej®(s,0)+Ej®(s,0)] exp(ik^z +ifJy), y>0, t_<t<t + .(4.39) 


Substituting Equations (4.20), (4.21), (4.37) and (4.38) into (4.39) 
yields 



(s) 


0 



k,(l-R a ) 


<s+k^)Gf e (-k^) 




e i ( By+k z z) 


T_ <T< T + 

, y>o 


(4.40) 


Finally, taking the inverse Fourier transform of (4.40), one gets 


1 


<*>+ia * 


E ! 6 (x,y,z)= — ] 

/2tt -«>+ia 


se, 


Ey (s,y,z)exp(-isx) ds 


(4.41) 


where the path of integration is shown in Figure 3.4. Before the 
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constant C® is determined, the general form of the solution for the TE 
a ■ y 

polarization will also be obtained next. 

2. TE polarization (H°, odd problem) 

In this case, the incident field is 

Hy(x,y,z)= H cy exp(i(k x x - k y y + k z z)) , y>0 (4.42) 

where H cy is an arbitrary constant. The total field H y satisfies the 
boundary conditions given in Equations (4.2) and (2.33), and the 
differential equation (2.37). 

Since H y (x,y,z) satisfies the same boundary conditions and 
differential equation as the odd field u Q (x,y) in Chapter III, one can 
use the results of Chapter III in this section. On the other hand, one 
notes that u Q (x,y) and H°(x,y,z) satisfy different edge conditons at the 
origin x=y=0, and as shown in the previous section, this difference has 

A. 

an important effect in the final solution for H y (s,y,z). 

As in Chapter III, let H y be equal to 

H y(x,y,z)=H y °(x,y,z) + Hy(x,y,z) + Hy(x,y,z) , y>0 (4.43) 

~ r 

where H y (x,y,z) is the unperturbed reflected field given by 

Hy(x,y,z)=H cy R h U',9',6 h ) exp(i (k x x+k y y+k z z)) # (4.44) 

in which 
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(4.45) 


R h ( <f>' .0' » 6 h ) = 


si n<*>' - « h /sine' 


si n<t>' + 6^/si n 9' 


is the Fresnel reflection coefficient for an impedance wall. 

SO 

The scattered field (x,y,z) can be obtained by the same approach 
used in Chapter III. Without repeating the analysis, it follows from 
(3.131) that the Wiener-Hopf equation is given by 


-Hj!(s.O) 

iD+°(s) + G^°(s) H +°(s,0) = rr - iD ho (s) , t <t< t (4.46) 
y i G_° ( s ) " " 


where t_ and x + were defined in (4.13) and (4.14), respectively. It 
follows from Equations (3.129) and (3.130) that D^° and D* 10 are given by 



H i ( 1+R. ) 
cy h 


m (s+k x ) 


“ 1 

G ho (-k ' ) 

_ - v x' 


- k5 h^° 



(4.47) 



(s) 


JZ* (s+k x ) 


l ~ 1 

G^°<s)‘ 


1 " I 
G - 0 ( - k x>_i 


(4.48) 


and 

G h0 (s) = 1/(6 + k5 h ) = 6j°(s) G^s) . (4.49) 

The expressions for gJ]°(s) and G^°(s) are given in Appendix D, and the 
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notation H y ^°(s,0) means 


. o u 

u 1 SO / n »_ Hy+(s,y) 

Hy+ ( s »0)~ dy 


at y=0 


(4.50) 


Since all the functions in Equation (4.46) have a common region of 
regularity (the strip defined by t + < t < t_), one concludes (by 
analytic continuation) that both sides of (4.46) are equal to an entire 
function D(s) which happens to be a polynomial in s such that 


-h!°(s,0) 

y~ fQP i 

i D+° ( s ) + gJ°(s) h'^°(s, 0)= — — - iD h0 (s)=D(s) s (4.51) 


V -> ) 


where 


D(s)=d Q + djS + d 2 S 2 + ... + d n s n 


(4.52) 


Note that all the coefficients {d-j } are unknown at this point in the 
analysis. Moreover, as in the TMy polarization, the asymptotic behavior 
of all the functions in Equation (4.51) have to be determined. It was 
shown in Chapter III that 


G+°(s) - s 
G^°(s) - S 
dJ°(s) - s 


_l/2 


. 1/2 


1 


as 


as 


as 


| s | « for t > t 


| s | ® for x < t + 


| s | • for t > T 


(4.53) 

(4.54) 

(4.55) 
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I 1/2 

D h0 (s) "■ s" as | s | • for x < x + • (4.56) 

By the same arguments as in the case of TMy polarization, the asymptotic 
* * so ^ so 

behavior of H^ + (s,0) and Hy_(s,0) can be obtained as follows: 

Hy°(s,0) ~ u^_(s,0)s as |s| -*■ « for t < x + (4.57) 

Hy+°(s,0) - u Q ^(s,0)s as |s| + » for x > t_ . (4.58) 

Substituting Equations (3.144) and (3.145) into (4.57) and (4.58), 

rocnprtiuolv viplrlc 
■ — *■* r ' — ~ * j 9 j 1 "* ■ 

Hy°(s,0) ~ s° as | s | + <° for x < x + (4.59) 

Hy+°(s,0) ~ s 1/2 as |s| -*• <» for x > x_ . (4.60) 


Using Equations (4.53)-(4.60) in 
i D+° ( s ) + H y l° (s,0)gJ°(s) 
iHy°(s,0)/G^°(s) - i D^° ( s ) 


(4.51), one obtains 

"• s° as | s | * 00 for x > x 


~ s 1/2 as |s| « for x < x + 


(4.61) 

(4.62) 


By the extended form of Liouville's theorem [32], the polynomial D(s) is 
of degree less than or equal to the integral part of min(0,l/2). 
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That is. 


D(s) = d° 


(4.63) 


where is still an unknown constant. 


Solving for Hy°(s,0) in (4.51), one obtains 


i5“(s.O) - -iG|] 0 (s)Cd" t 1 D*°(s)] 


(4.64) 


'CQ 

The expression for H + (s,0) can be obtained from (3.148) by replacing v 


by H such that 
cy 


h!°(s,o) = 

y (s+k ) 


-1 H cy (HR h ) 


(4.65) 


It follows from (3.113) that H^ 0 (s,y,z) is given by 


My°(s,y,z)=[Hy°(s,0)+Hy°(s,0)] exp(ik z z +iSy), y>0 ,t_<t<t + .(4.66) 


Substituting Equations (4.48), (4.64) and (4.65) into (4.66) yields 



G h _°(s) 


H C y (1+Rh) 

^(s+k^G^-y 


+ 


e i(0y+kzZ) 


T _ <T<T + 

, y>o . 


(4.67) 


Finally, taking the inverse Fourier transform of (4.67), one obtains 
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{4. 68) 


i «o+ib A . n % y >u 

H so (x,y,z)= j H^°(s,y,z)exp(-isx) ds , t _< t <t+ 

y /7T -°®+ib J 


where the path of integration is shown in Figure 3.4. 


3. 


Determination of the constants 


C® and d° 
a h 


0 o 

In order to determine the unknown constants C g and d h , it is 

A A A A 

necessary to solve for the other field components, i.e., E^, E z , H^, H^, 

A A 

in terms of the normal field components and H^. It is shown in 
Appendix I that the following relations hold; namely. 


A 

E x (s,y,z) 



(4.69) 


„ I A 

k v V s,y,z) ■ k z e E y (s ’ y » z) 


E z (s,y,z) = 


(s 2 + k^ 2 ) 


(4.70) 


H x (s,y,z) 



? ' ? 
in 0 (s + k 2 ) 


(4.71) 
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(4.72) 


H z (s,y,z) = 


-kY Q s E y (s,y,z) - k z S H y (s,y,z) 

(s 2 + k ;*i 


Note that all the four expressions above have two poles at 

I 

s = ik z = -ikcose' , 0 < 9' < ir 

and 

I 

s = -ik z = ikcosQ' , 0 < 0 * < w 

Taking the inverse Fourier transform of Equations (4.69)-(4.72) , 
gets 


E 


s 

X 


1 «»+ic 

(x,y,z)= — J 

/2ir -«+i c 


(s,y,z)exp(-isx) ds 


y>0 

T_<T<T+ 


E 


s 

z 


(x,y,z)= 


1 «®+ic 

— J 

/2ir -<»+i c 


(s,y,z)exp(-isx) ds 


y>0 

T_<T<T+ 


H 


s 

x 


(x,y,z)= 


1 <»+ic 

— J 

/ZlT -00+1C 


(s,y,z)exp(-isx) ds 


y>0 

T_<T<T+ 


s 1 -+ic . s 

H 7 (x,y,z)= j H (s,y,z)exp(-isx) ds 

2 /2T -«+ic z 


y>0 

T_<T<T + 


(4.73) 


(4.74) 

one 


(4.75) 


(4.76) 


(4.77) 


. (4.78) 
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The next step in the analysis is to examine the poles at +ikcos9' 
and determine what kind of fields they contribute, and whether or not 
these fields are physically possible. Let sj and S 2 , shown in Figure 
(4.1), be defined as follows: 

s\ = ik | cos 9 1 1 (4.79) 

S 2 = -i k | cos 9 1 1 . (4.80) 

For x<0, the path of integration in Equations (4.75)-(4.78) can be 
closed in the upper s-plane as depicted in Figure 4.1 such that 

•Me x<0 

J g(s) e-isx ds + j g(s) e-^x ds = ^ g(s) e- 1sx ds , y>0 (4.81) 

-•Me 

where g(s) represents any of the fields in Equations (4.69) -( 4.72) . Note 
that for x<0, only the pole s\ will be captured. Applying Cauchy's 
Residue Theorem in (4.81) yields an expression of the form 

exp(iky-isix) = exp(ikiy+ik 2 |cos9' | x)exp(-k 2 y+ki |cos9‘ |x) # x <o 

(4.82) 

where k was defined in Equation (1.7). At s=sj or S 2 , the function p is 
equal to 

2221/2 , 
B(s=s 1 or s^) = (K + k cos 9') = k x + ik 2 =k (4.83) 

on the top Riemann sheet (Imp > 0). 
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I 



Figure 4.1. Integration paths on top Riemann sheet: Im (3) >0 



The expression in (4.82) does not satisfy the radiation condition 
since it represents a wave which propagates towards the origin 
(x=0=y=z). Likewise, for x > 0, the path of integration in Equations 
(4.75)-(4.78) can be closed in the lower s-plane as illustrated in 
Figure 4.1 such that 

oo+i c x> 0 

j g(s) e~ isx ds + j g(s) e~ 1sx ds =^g(s) e"‘ isx ds , y>0 . (4.84) 
-«H-i c 

As shown in Figure 4.1, only the pole S 2 is captured for x > 0. Applying 
Cauchy's Residue Theorem in (4.84), one obtains an expression which is 
proportional to 

exp(iky-is 2 x) = exp(ikiy-ik 2 |cos0' |x)exp(-k 2 y-ki |cos8' |x) , x>0. 

(4.85) 

This expression also represents a wave which propagates towards the 
origin in violation of the radiation condition. 

Thus, the poles sj and S 2 , which contribute waves that do not 
satisfy the radiation condition, are not valid poles. Consequently, the 
numerators of Equations (4.69)-(4.72) should be equal to zero when s is 
equal to s^ or S 2 . It can be shown that by setting the numerators of 
(4.69)-(4.72) equal to zero at s=si and S 2 ,' one obtains only two 
equations: 



(4.86) 
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(4.87) 


in o V- ik z> + V" ik z ) = ° 


Substituting (4.40) and (4.67) into (4.86) and (4.87) yields 


ae, .. ' . 
G. (ik_) 


iE c/y (1 - R a> 






"o^dlg 


H C y (1+Rh) 


/2T(Vik')G5°(-k') 


-ho, . ' 
% G - (- lk z ) 


Hey (1+Rh) 


^( k x- ik z) G -°(- k x) 


ae, .. 'v 
-6_ (-ik z ) 


iE cy k y (1 - R a ) 


/2r(-1k'+k^)G* e (-^)k 


- 5 a C a 


The last two equations can be used to determine the two constants 
and d^ such that 


(4.88) 


(4.89) 
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1E cy k y (l- R a )k x 

Ca ' /?r(k x 2 + k x 2 )G ae (-k x )ks a 


ik z k 


/F!~(y' 7 2 + k x 2 )k« a |S ce | 


ho,,,.', _ 


iE cyky< 1 - R a )l S ce! H cy"o 2 < ltR h> G < ik 2 > 


cy 


s! e (-k x )k 


G^f-k^) 


(4.90) 


•V ltR h> k x 


ik. 


j° _ 

d h - 


/ST( k x 2 t k x 2 )G k0 (-k x ) 


O )|S | 


H C y<l+R h ) |A 


2 E cy k y< 1 - R a> Gae < 1 k z> 


ce 1 


G^ o (-k;> 


ik n G ae (-k ) 


(4.91) 


where 


ce 


G^ 0 (ik z ) 


G^°(-ik^) 


G! e (ik z ) 


Gf(-ik z ) 


(4.92) 


G^°(ik') G^ e (ik z ) 

-G^°(-ik z ) 6® e (-ik z ) 


(4.93) 


Note that the two bars above A and B denote a matrix. Furthermore, |A| 
and | B | are the determinants of the matrices A and B, respectively. 
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(4.94) 


I 

Evaluating Equations (4.15) and (4.49) at s= *ik z , one gets 


G ae (ik-) = G ae (-ik z ) = 


1 

TTTT£ 


,ho 


,ho 


G (ik z ) - G ( -i k z ) = JT + ' fr)k 


(4.95) 


The functions G ae (+ik z ) and G^°(+i k £ ) will be defined in section D. 

It is easy to show that C® is proportional to k" 1 , while df| is 

proportional to k' 1 ^ 2 . Furthermore, note that both C e and dP are 

a h 

functions of H and E . This implies that if the incident wave is TE , 
v v y 

or TM polarized, it will excite a diffracted field that has both 
polarizations. In other words, there is coupling between the TE^ and 
TMy polarizations, which was not the case in Chapter III where the 
direction of propagation of the incident field was normal to the edge 
(z-axis). In order to show that the TE and TM polarizations decoupled 

J J 

I 

for the case of normal incidence, let k z =0 (9'=ir/2) in Equations (4.90) 
and (4.91) such that 


iE cy k y ( 1 - R a> 


«*- 


/zr k G“(-kjk« 


V° 


(4.96) 


d 


0 

h 


* H cy^ 1+R h) 





k 2 =0 . (4.97) 
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As expected, the constant C® is only a function of E cy , while d° is only 
a function of H cy . 

Following the work in Chapter III, let the constant 5 be defined as 
done earlier ; i .e. , 

0 <Re(C)< */2 

cose = cos(e r + Ui) = 6/si n 9 ' , 0 < 9' < tt/2 • ( 4 * 98 ) 

Thus, for the TMy polarization (Ey) 

cos? a = 6 a / s i n 0 ‘ = Z s /(n 0 sin9' ) (4.99) 

and for the TEy polarization (Hy) 

cos?* 13 Sh/sin 0 ' = no/(Z s sin9‘) . (4.100) 

C. PMC CASE 

o 

1. TMy Polarization (Ey, odd problem) 

In this case, the field E° satisfies the same type of boundary 

A Aq 

conditions as H° in section B. Thus, the solution for E can be simply 

y * 

obtained by duality [20]; i.e.. 


E y °(E cy ,H cy ,6 a .5\ V Y 0 ) - Hy(H C y’- E cy' 5 ' 1 - 5a - Y o’''o> 


(4.101) 
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Substituting (4.67) into (4.101) yields 



Ecy ( ) 



T_<T<T + 

, y>o . 


(4.102) 


The constant C° is given by 

a 


■ E cy( 1+R a) k x 


Ik. 


r° = 

a /*r- ' 2 . ,'2 .„ao 


/2T(kS k/ )G"(-k x ) 


k x 2 >l«col 


E cy( ltR a>l S col 


G!°(-k x ) 


2H cy n 0 k y( 1 -R h ) 6he ( ik ;) 

ikG^ e (-k x ) 


(4.103) 


where 


co - 


co _ 


Gf(lkj) 

G^ e (ik^) 

s"(-1kj) 

G^(-ik^) 


Gf°(1kj) 

G Re (ikj) 

-G*°(-1k’) 

G Re (-ikp 


(4.104) 


(4.105) 
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and 


G he (ik^) = G he (-ik^) = 1 l 3 h . (4.106) 

The functions G^°( : fik z ) and G^ e ( k z ) will be defined in section D. 

I/O 

Furthermore, the constant C° is proportional to k which is not 

a 

surprising, since it was derived from d^. 

Taking the inverse Fourier transform of (4.102), one obtains 

1 »+ib * y>0 

E* 0 (x,y,z)= / E* (s,y,z)exp(-isx) ds , t _<t<t+ (4.107) 

y /ET -«o+ib y 


where the path of integration is depicted in Figure 3.4. Finally, the 
total field E° can be expressed as follows: 


E y(x,y,z) 



y>0 . (4.108) 


2. TEy Polarization (Hy, even problem) 

For this polarization, the field H® satisfies similar boundary 
e 

conditions as E^ in section B. As in the odd TMy case, the solution for 
Hy can be obtained by duality such that 


u e / u r h a "e ah 

y ( cy» _E cy»^ »VV = E y( E cy’ H cy ,?: ,Y o’ n o^ 


(4.109) 
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Substituting (4.40) into (4.109) yields 


Hf, G^ e (s) 


3 


- iH cy k y (l-R h ) 

/27"(s+k')G|] e (-kj 


kS^d 


h h 


i T <T<T 

,1(ey+k z z) , ‘y > 0 . 

(4.110) 


e 1 

The constant d h , which is proportional to k , is given by 


1H cy k y (l-R h )k 


ik z k 


H e - 

d. = 


h /JT(k‘ 2 + k y 2 )G^ e (-k y )kS h 


< 2 )k5 hl S col 


iH k ( 1-R. IIS I F Y ?M+R lft ao Hk'l ~ 
cy y' n- 1 co 1 ~cy o~' _ a'" ' "z' 


6* e (-kjk 


G -°(‘ k x ) 


(4.111) 


where 


G ao (i k ;) = G a °(.ik;) = (i t 5a )k 


(4.112) 


The scattered field H^ e is obtained by taking the inverse Fourier 
transform of (4.110), that is 

se 1 * + ia * se y>0 

H v (x,y,z)= — j Hy(s,y,z)exp(-isx) ds T <t<t + (4.113) 

y /ZT -°»+ia y " 

where the path of integration in depicted in Figure 3.4. The last step 
in this section is to determine the total field H® which can be 
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I 


obtained from Equation (4.43) as follows: 


H®(x,y,z) = H y (x,y,z) + H y (x,y,z) + H* e (x,y,z) , y>0 (4.114) 

where H 1 and H r are given in Equations (4.42) and (4.44). respectively. 

y y 

D. ASYMPTOTIC ANALYSIS 


As in Chapter III, before the asymptotic analysis is performed, it 
is necessary to map from the s-domain to the periodic w-domain where the 
saddle point method can be applied conveniently. Thus, define w such 

that 


s = -Kcosw 


(4.115) 


Substituting (4.115) into (4.17) yields 

3 = Ksinw (4.11 

where it is assumed that K^kisinS' is real (K 2 =0, lossless medium). 
Equations (4.115) and (4.116) are the same as Equations (3.161) and 
(3.162), respectively, except that k has been replaced by K. 

1. PEC Case, TM y Polarization (E y , even problem) 

Substituting Equations (4.115), (4.116), (3.163), and (4.5) into 
(4.41), one gets 
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Ey%,*,Z) - 


e )k z z j G"(-Kcos») 


2iri 


w 


~E cy sin<fr* (1-R a ) 


(cosw + cos+'JG^Kcos*') 


- i /2* k6 a cf 

Q a 


} iKpcos(w-<|)) dw s 0< * <ir (4.117) 

0< 0* <ir 


where the path of integration is shown in Figure (3.9). Note that the 
integrand in Equation (4.117) has the same poles as the integrand in 

Equation (3.164) which are also shown in Figure (3.9). 

At this point in the analysis, it is convenient to write the 
expressions for the functions G e and G°. Substituting Equations (4.116) 
and (4.98) into (4.15) and (4.49) one obtains an expression for G e 
identical to Equation (3.186), while the expression for G° is the same 
as Equation (3.221), except that k is replaced by K. It follows that 
G®(-Kcosw) is given by (3.187), while G^(-Kcosw) is given by (3.188). 
Likewise, the expressions for G + (-Kcosw) and G_(-Kcosw) are given by 
Equations (3.222) and (3.223), respectively, except that k is replaced 
by K. The superscript a or h is attached to the functions G a , G* 1 , Gf , G^ 
when £ = £ a (TM y ) or C = (TE y ), respectively. 

Following the same procedure as in Chapter III, the total field E y 
can be expressed as follows: 


E y ( p,<fr,z)=Ey(p,<fr,z) + Ey G ( p , <f> , z ) + E^(p,*,z) + Ej e (p,+,z) (4.118) 


where the incident field E^ is given in Equation (4.7) and 

J 
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A >') 


— 1 for 

_R *(♦') for 


<f> + <f> ' <1T 
<|> + <|> ' >TT 


(4.120) 


The contribution from the pole w^ e (pole of G^ e (-Kcosw) ) , which was 

sw 

defined in Equation (3,167), is the surface wave field E (p,<t>,z). This 

ye 

field is given by the following expression: 

1l<zZ JT 

O p ’*» z) =“ ae 1/2 exp(-jf (w^ e )/(2ir)) U(4*-^| e ) 

3 (sin 5 ) 

? cos5 ae _ 

. exp(-J? e (<|>' )/(2ir)) sec((w® e +<|)')/2)+sec((w^ e -<|)')/2) 

si n<t>'+cos£ ae 1 _ 

.(sin£ ae - cos,') 1 ' 2 - k« a C® /Tcos(w ae /2) 

•exp (i K(xcosw ae + ysinw ae )) (4.121) 


166 


where $ a ® was defined in Equation (3.203). Note that the superscript e 
has been added to 6 and ?. When this solution is generalized to treat 
dielectric/ferrite materials, 6® in general will not be equal to 6?. 

« a 

The last component of the total field E® is the diffracted field 

(jg 

Ey which is given by the following integral: 


ik'z , iKpcos(w-c|>) , ,ae, w/0 

„ de/ e z J e exp(-J 1 (w)/(2ir)) 

E y ( p ’ < l , » z ) = 2 tm C SD p . 


sinw + cos? 


ae 


sec((w+<j»' )/2) + sec((w-<|)')/2) 


(sin£ ae - cosw) 


* E cy^ ' R l )/2 l sin ^ ae - cosV) 172 exp(-J a ®(<fr , )/(2ir)) 


+ /5iT k5®C® (cosw+cos<|>' ) 
4icos(V/2) _ 


dw 


(4.122) 


For large Kp, the integral in (4.122) can be evaluated using the 

de 

saddle point method. The expression for E y becomes 
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eJ 6 (p,*,z) 


-e 1,/4 expt-jf (*)/(2«» 

1 ap 1/2 

rr - ( sir»C - cos*) 

v^irKp (sin* + cos5 ae ) 


e i(Kp + k^z) 


• sec((*+*')/2)F(-KLa+) + secC(<()-«fr' )/2)F(-KLa“) 


1/2 

• E cyU - R a } / 2 tsinc ae - cos*') 

+ /4ir"k6®Cg (cos*+cos*‘) 
4icos(*'/2) _ 


exp(-J ae ( *' )/(2ir)) 
(4.123) 


6 

where L=p for plane wave incidence, and C has been defined in Equation 

a 

(4.90). 

p 1 o * 

The functions G_(+ik z ) and G_(+ik z ) which appear in Equations 
( 4 . 92 ) - ( 4 . 93 ) and (4. 104)-( 4. 105 ) are evaluated next. Using the results 

I 

of Appendix F, it can be shown that s^=i k z is mapped to 

w = ir/2 - isinh~l(cot0' ) (4.124) 

in the periodic w-domain. Substituting (4.124) into (3.187), (3.188), 
(3.222) and (3.223) yields 


G®(-ik z ) 


-i 

e 


1/2 

(sin8'sin5 e - icos©') 


(4.125) 
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e • e 
G*(1k z ) = 


i (ti/4-9’/2) exp (? ( ?) /(2w) ) 

“ ' Z TT72 

(sin8 sin£ e + icosQ ) 


(4.126) 


G°(1k) 


exp(J e (t)/(2»)) 


(k(sine'sinC°+ icos0')) 


1/2 


(4.127) 


. exp(J e (-T)/(2ir)) 

G (-ik ) = 1/2 

^ (k(sin0'sin£°- icose')) 


(4.128) 


where 


t = -isinh"*(cot9' ) 


0 < 9' < TT 


(4.129) 


j e >°( T ) = J t/sint dt 


T+t 


e,o 


(4.130) 


T+5 e ’°+1t 


2. PEC Case, TE^ Polarization (H°, odd problem) 


The integral expression for H^° in the w-domain is given by 


_ n e lk z Z f G ho (-Kcosw)sinw 

hJ°(p.*.z> =-^ r ~ J 0 ' 

w 


-H C y (1+Rh) 


(cosw + cos 4> ' JG^KcosV ) 


+ /STKdjJ 


; iKpcos(w-t) dw > ^ (4.131) 

0< 0 ' <ir 
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where the contour of integration r° is depicted in Figure 3.9. It is 
important to note that the integrand in (4.131) has the same poles 
(shown in Figure 3.9) as the integrand in Equation (3.212). Thus, the 
results of Chapter III can be used here to solve for the field H^ 0 . 

The scattered field H^° is represented, after deforming the contour 
r° to the steepest descend path C SRD , as the sum of an integral along 
C<,gp and the contributions from the poles swept during the deformation. 
The total field H° can then be obtained by adding H^ 0 to the unperturbed 
field. The expression for H° becomes 


hJ(M,z)-hJ(p,*,z) + H™(p,*,z) + H^J(p,*,z) + Hj 0 (p,*,z) (4.132) 

where is the incident field defined in Equation (4.42) and 

i 0<(<fr,4>' )<* 

Hy°(p,<|>,z) = H cy aJJu') exp[i(-Kpcos(«)>+<|> , )+k z z)] , o< 9' <ir 


(4.133) 

is the reflected field where is given by 


<(♦') 


--1 

for 

♦ + 

A 

=* 

1 


for 

♦ + 

4> 1 >1T 


(4.134) 


sw ho 

The surface wave field Hy Q is a contribution of w $ which is a pole of 
G^°(-Kcosw) and was defined in Equation (3.215). Note that the pole w^ 

hn 

is captured only if r satisfies Equation (3.235). The expression for 
H^j is as follows: 
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-e ik z z sr 

yo ( S in i s s 


,ho /. .ho ' 


■'ho. 


H 




sin<fr'+cos£ 


sec((wJ 0 -<|,')/2)-secawJ% , )/2) 


•cos( <t»'/2)cos(Wg°/2) (Sine h0 - cos*') l/2 + /SHT d° sinwj ] 0 


•exp(iK(xcoswj] 0 + ysinw^ 0 )) 


(4.135) 


where the angle has been defined in Equation (3.234). 

The integral along C SDp> which is the diffracted field H^ 0 , is 
given by 



(p,<M) = 



j e K<xos(»-*) exp(-J^°(w)/(2ir)) co(w/2) 

CSDP sinw + cos 5^° 2si n ( <|> 1 / 2 ) 


. sec((w-4>')/2) - sec((w+4>')/2)) 


hn .1/2 

•(sin£- cosw) 


H (1 + R^) (.sinV 10 - cos<t>')* “ exp(-jJ°(*' )/(2ir) ) 


1/2 


iho, .1 


cy 


- /2nK dP (cosw + cos 4> ' ) 


dw 


(4.136) 


For large Kp, the integral along C SDp is asymptotic to a term 
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containing the value of the integrand of (4.136) at the saddle point 
such that 


HyV+.z) = 


( . _ho i (Ko + k z) 

r~(sin? - cos«|)J e z 

/2irkp (sin<|> + cos? ) 


• sec ( ( <|»-<|> ' )/2)F(-KLa - ) - sec( ( ♦+♦' )/2)F(-KLa + ) 


cos ( 4>/ 2 ) 

sTnTF77) 


• H cy (1 + R h )/2 ( sin ^ h °- cosf) 1/2 exp(-J^°(<|*' )/(2ir)) 


- /5irR/2 d|j (cos<|) + cos<t>') 


(4.137) 


3. PMC Case, TM^ Polarization (E°, odd problem) 

As in Section C, the total field E° can be obtained from H° by 
duality. It follows from Equation (4.101) and (4.132) that 

E$(p.*.zK)(p,*, 2) + E™(p,*,z) + E*”(o,4-,2) + eJ°(p,*.z) (4.138) 

where 

i o<( $ 1 ) <it 

Ey°(p»*tZ) = E cy A°(<fr') exp[i ( -Kpcos ( )+k 2 z)] , o< 9' <ir (4.139) 
is the reflected field and is given by 


172 


(4.140) 


1 for ♦ + 

R?U') for ♦ + ' >ir 

a 

SW 

The surface wave field Ey Q can also be obtained from (4.135) by duality. 
Substituting (4.135) into (4.101), one obtains 

eik z z yj- 

E vo< (, ’*’ z > = , '~~ a ' o ; Y>3" «Pl-of (w!° )/(2.» UU-?f) 
yo (sin 5 ) 

E 

expl-jf (♦ , )/( 2 »)) secKv«f-*')/2)-sec((wf+* , )/2) 

sin<j>'+cos5 1 5 b 

1/2 

•cos(<fr'/2)cos(w ao /2) (sinf; 30 - cos 4>' ) + ^2irK C° sinw 30 

•exp(iK(xcosw ao + ysinw 30 )) # (4.141) 

Finally, the diffracted field E^ 0 is given by (for large Kp) 
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eJ°( ».♦,*) 


-e 1,/4 exp(-0j°(t)/(2.)) 


S2i rkp (sin<t> + cosC ao ) 


(sins 90 - cos*) 1 ' 2 e i(K|> * k i z) 


sec((+-4')/2)F(-KLa-) - sec(U+<f>' )/2)F(-KLa + ) 


cos ( <t»/2 ) 
sin(<(» l /2) 


• E cy (l + R°)/2 (sinC ao - cos*') 1 ' 2 exp(-J ao (^ )/(2w)) 


- /2nK/2 C° (cos <(> + cos 4> ' ) 

a 


(4.142) 


4. PMC Case, TE y Polarization (H®, even problem) 

As in the previous section, the total field H y can be simply 
obtained by duality such that 

Hy ( Pj <fr»z) = Hy( p,<fr,z) + H^®(p,4>,z) + Hyg( p, 4>,z) + HjJ®(p,*,z) (4.143) 

where 


re p • 0<(<M')<tt 

H y (p,<t>,z) = H cy AjJ(<fr') exp[i (-Kpcos(^+<t»')+k z z)] , o< 9' <* (4.144) 




for ♦ + ♦ , <ir “ 
for <^ + 4»‘ >?r j 


(4.145) 
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H y "(p,*,z). 


-e 1k z 2 VT 
(sin 5 he ) 1/2 


exp(-o5 e (w5 e )/(2»)) U(*-?!) e ) 


H cy cosl 


he 


exp(-Jj e U')/(2*))|sec((w!? e +$')/2)+sec((w!! e -p')/2) 


si n <|> ' +cos C 


he 


•(sin5 he - cos*') 1 ' 2 - i/H kS* d® rr cos(w^ e /2) 


h h 


•exp(iK(xcosw|j e + ysinwj] 6 )) 


(4.146) 


Hy e (p,*,z) 


-e ilT/4 exp(-J^ e ( <|>)/(2 it) ) 

— (sin5 he - cos*) 

/2irKp (sin* + cos?^ e ) 


e i(Kp + k^z) 


• sec((*+*')/2)F(-KLa + ) + sec((*-*')/2)F(-KLa-) 


• V* - R h> /2 ( s1n 5 he - cosp') 1 ' 2 exp(-Jj e (p')/(2ir)) 


+ /3iT k6p df (cos*+cos*‘) 
Ticos(*72) 


(4.147) 


In the next section, the problem of surface wave excitation will 


175 



be considered. It will be helpful if the constants C e , dP, C° and dP 

a’ h a h 

are rewritten in terms of and 9'. Thus, sustituting (4.5) and (4.6) 
into (4.90), (4.91), (4.103) and (4.111) yields 

E cy 2cos£ ae sin9'sin<j>' (sin0'cos<|>' + i cos 9 ' | A ce | / 1 B ce | ) 
ik6® m (sin 2 0 , cos 2 4. , +cos 2 0 , )G® e (Kcos4. , )(sin<|.'+cos5 ae ) 

2ti o H cy 2s in<l>'cos9'G ho (-ikcos0 , ) 
/?irik6g(sin 2 9'cos 2 <|>'+cos 2 9' )G^°(Kcos<ji' )(sini> , +cos5 ho ) |B ce | 

(4.148) 

H cy 2sin< f*' CsTnQ'cos^)’ - icos0‘ |A ce |/|B ce |) 

d O _ 

11 /?* k(sin 2 0'cos 2 <|>'+cos 2 0 l ) g|] 0 ( Kcos ' ) (si nV+cosS* 10 ) 

2E 2cos 5 ae si n 9 1 cos 9 1 s i n <)> ' G ae ( - i kcos 9 1 ) 

" cy 

ft* kn o (sin 2 0 , cos 2 ^ , +cos 2 9' )G ae (Kcos<j>' ) (sin<j>'+cosC ae ) |B ce | 

(4.149) 

E C y2sin<f>' (sinO'cos^ 1 - icosQ' |A C0 |/|B C0 |) 

0 

Q = — 

d /Zw k(sin 2 9'cos 2 <|>'+cos 2 9 , )G ao (Kcos<i. , )(sin(j. , +cos? ao ) 

+ 2n o H c ^2cos5 he sin9'cos9'sin(() , G he (-ikcos0 , ) 

k(sin 2 9 l cos 2 <j> , +cos 2 0' ) G^ e ( Kcos 4 > ' )(sin<j>'+cosi; he ) |B C0 | 

(4.150) 
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H 2cos5 he sin9'sin<fr' (sin9'cos$' + icos0'|A |/|B |) 

cy cu to 

ik5® /25 (sin 2 0'cos 2 $'+cos 2 0' ) G^ e ( Kcos )(sin<j>'+cos£ he ) 

2Y E 2sin«)»'cos0'G ao (-ikcos9' ) 
o cy . 

/SirikS^sin^'cos^'+cos 2 ©' )Ga°(Kcos<J>' ) (sinV+cost- 30 ) |B CQ | 

(4.151) 


E. SURFACE WAVE EXCITATION 


The surface wave excitation problem will be solved following the 
procedure of Section F.3 in Chapter III* that is* using the concept of 
analytic continuation. It was shown in Section F.3 that the Brewster 
angle ^ is given by Equation (3.299). The unperturbed incident surface 
wave field (TM^ or TE y ) can be obtained by substituting (3.299) into 
(4.7) or (4.42). One obtains an expression (TM or TE ) which is 

J J 

proportional to 


exp(-iKpcos(<(>-^| 3 )) = exp(-iKycosS) exp(iKxsinC) , y>0 . (4.152) 


Recall that (see Equation (4.98)) 


KcosS s k6 = k(6 r + i 6 j ) , 


(4.153) 


it follows from (4.152) and (4.153) that Equation (4.152) will be 
bounded as y ♦ « , if and only if 
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(4*154) 


fij < 0 

which is the same result obtained in Chapter III. For the TM y 
polarization, Equation (4.154) implies that 

Im(Z s ) = X s < 0 . (4.155) 

On the other hand, for the TE y polarization (4.154) implies that 

Im(Z s ) = X s > 0 . (4.156) 

Therefore, for a given surface impedance with nonzero reactance (X s *0), 
the surface wave field can have only one polarization. 

1. PEC Case 


Subtituting Equation (3.299) into (4.117) and (4.131) yields 


E y e (p,<(.,z) = 


i k 1 z ~ae, „ , 

e z j G_ (-Kcosw) 


2th e 
w 


- . ae 

-E cy sinw s 


(cosw + cosw® e )Gf e (Kcosw® e ) 


i/2^ k6®C e 
a a 


,1Kpcos(w-*) dw . 0< ♦ « ( 4 . 157 ) 

0< 0' <1T 


for <j>' = = 2tt - wf, and 
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Hy 0 (P,*,Z) = 


e ik z z / 6^°(-Kcosw)sinw 


2iri 


-H 


cy 


( cosw+cos w^° ) G^° ( Kcosw^ 0 ) 


+ m Kd° 


.IKpcosIw-t)^ _ 0< ♦ <’ (4, 1 58) 

0< 9' <» 


for = 2ir - Wg°. 

For X s <0, the unperturbed incident surface wave field is 


C 1 SW /w w \ - Z 

"-ye - *- C y 


vnf i 1^/ wci _ vrncw^^ 1 OYnfit 7^ 

/; '"'r \ * .'2** / 


f 4 - 1 59 ^ 


where = 2ir - w^ e and 


« IT * o 


(4.160) 


Using the same method of analysis as in Section F.3 of Chapter III, the 
total field E® can be expressed as follows: 

Ey(x,y,z) = Eyg W (x,y,z)UU-4^ e ) + Ey* w (x,y,z) + Eyg W (p,$,z) (4.161) 

where E rsw and E^ sw are the reflected and diffracted surface wave 
ye ye 

pew Hey 

fields, respectively. The fields E and E can be expressed as 

y° ye 

f ol 1 ows : 


179 



Eye W (x.y,z) = E cy (l + cosw* e )/cosw® e exp(-J* e (w* e )/Tr) U( <(> - £| e ) 
2cosw^ e sin0‘ (sin9'cosw® e + i cos 0 ' | A | / 1 B I ) 

j « j Cc Cc 

_ (cos 2 9 1 + sin 2 9'cos 2 w® e ) 

•exp(iK(xcosw* e + ysinw* 6 )) exp(ik z z) (4.162) 

E cv e11l/4 ex P ( - J i 6 ( <!»)/( 2 -it) ] exp(-Jj e (w^ e )/(2ir)) 

E dsw ( P ,4>,z) — 

ye vTO 2(s1n* - sinwf) 

. sec(U^f )/2)T(a+ e ,a* e ) + sec(U-wf )/2)T(a; e ,a* e ) 

( cos <(> + cosw^ e )sin9' (sin9'cosw^ e + icos9‘ |A ce |/|B ce |) 

• 1 " 

(cos 2 9' + sin 2 9'cos 2 Wg e ) 

1/2 i 

•(2cosw* e (cos<|> + coswf )) exp(i Kp + ik z z )//£” (4.163) 

where 

a ae 2 cos 2 ((* % w“ )/2) ; a “ - 2sir, 2 (U-wf)/2) . (4.164) 

and T was defined in Equation (3.244). Note that the expression in 
(4.163) takes into account the presence of two poles near the saddle 
poi nt . 
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c 


Substituting (4.160) into (4.158), one obtains 
i k ' z 


H o_„dsw 
y yo 


e z 


— / G^°(-Kcosw)sinw /2i e 


0 iKpcos(w-+) 


dw 


(4.165) 


where dP is given in (4.149), except that H =0. Note that by deforming 

M Ljr 

n hn 

the contour of integration r° to C^ D p, no poles of G_ are crossed. 
Therefore, the total field H° becomes 


,o ,,dsw 


e ik z z 


H y =H yo" = Ziri / *\| 0 (-Kcosw)sinw /2i Kd|J e 
C SDP 


0 iKpcos(w-$) 


dw . 


(4.166) 


For large Kp, the diffracted field H^ w can be obtained by substituting 
(3.299) and (4.149) into (G. 13) such that 


-E e ill/4 exp(-j!? o (*)/(2i0)exp(-jf (wf )/(2w)) 

r|cu/ 1 ib 

Op,<M) = — ; f — — 

y /2 irk n (sin<|> - sinw^ 0 ) sin(w ae /2) 


F(-Kpap°) (2cosw ae (cosw|j 0 +cos<|))) 1/2 cos9 , sin0 , G ae (-ikcos0' ) 
k I ®ce I ( ST n 2 9 ' c ° s 2w s G +cos 2 0') 


•/2R si n 4* sinw ae exp(ik z z + iKp)//p* 


(4.167) 


where a^ 0 was defined in (4.164) except that "ae" is replaced by "ho". 
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For X $ >0, the unperturbed surface wave field is 


H yo W (x,y, z ) = H cy exp(iK(ysinWg° - xcosw^ 0 )) exp(ik z z) (4.168) 


where <p‘ = <j£° = 2n - w^°, and 


E 1SW = 0 . 

ye 


(4.169) 


The total field can be expressed as follows: 


H°(x,y,z) = H^ w (x,y,z)U(<j»4j, 0 ) + H^ w (x,y,z) + H^ w (p,<fr,z) 


yo 


yo 


yo 


(4.170) 


rsw dsw 

where H yQ and H yQ are the reflected and diffracted surface wave 

rsw 

fields, respectively. The field H yo is given by 


H yg W (x,y,z) = H cy tan(w^°) exp(-J^°(wj] 0 )/Tr)U( <i> - ^°) 

2cosw^°sin9' (sinQ'cosw^ 0 - icos0'|Ac |/|B |) 

I s s e 

(cos 2 9 1 + sin 2 0'cos 2 Wg°) 

•exp(iK(xcosw^° + ysinw^ 0 )) exp(ik z z) . (4.171) 


The diffracted field can be easily obtained by substituting (3.299) 
into (4.137). Thus, for large Kp (and taking into account the two poles 
near the saddle point) 
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-H cy e ilt/4 exp(-J^°( <J>)/(2 it)) exp(-j}°(w|! 0 )/(2iT)) 
/2irR 2(sim|> - sinWg°)sin(Wg°/2) 

. sec((«|»-Wg 0 )/2)T(a^ 0 ,ap 0 ) - sec((^°)/2)T(aJ 0 ,aJ°) 
(cosi)» + cosw^sine'fsine'coswj! 0 - icose' | | / 1 B__ | ) 

*> 5 C0 CG 

(cos 2 e' + sin 2 e'cos 2 wj?°) 


• cos(<J>/2)(2cosw|? 0 (cos<|> + cosw^°)) 1/2 exp(iKp + ik z)//p~ 

(4.172) 

where a^ was defined in (4.164) except that "ae" is replaced by "ho". 
Furthermore, T is the composite transition function defined in (3.244). 

SG 

Since E =0, the expression for E becomes 
cy y 



e 1 k i z 


2ttT 


j G® e (-Kcosw)/?i k«® C®/i 


iKpcos(w-<J>) 
e dw 


. (4.173) 


The integrand in (4.173) has only one pole due to G®®, but in deforming 
the contour r® to the contour C SDp , the pole of G®® is not captured. 
Therefore, the total field E® becomes 
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re_rdsw 

y ye 


ik'z 

— ^ — i G* e (-Kcosw)/2ir k<$® c|/i 
C SDP 


iKpcos(w-<|>) , 
e dw 


(4.174) 


Furthermore, for large Kp^ Ey^ w can be obtained by substituting (3.299) 
and (4.148) into (G.13) such that 


H cy e iir/4 exp(-J^ e ( 4>) / (2Tt))exp(-Jj 0 (w^ 0 )/(2ir)) 

/2irR Y Q (sin<|> - sinw® 6 ) 

F(-Kpap e ) Ucosw^ 0 (coswf +cos$)) 1/2 G ho (-ikcos0' ) 

|B I (sin^Q'cos^w^ 0 + cos^9') 

1 ce 1 s 

•/2R 2cos(<j>/2) cos9' exp(ik z z + iKp)//p“ . (4.175) 

a g 

where ap was defined in (4.164). 


c dsw, . * 

E ye ( p, 4>,z) = 


2. PMC Case 


Without repeating the analysis of Section 1., the total fields E y 
and H e can be obtained from Section 1. by duality. Thus, for X <0, the 

y 5 

total field E y is given by 


E y (x,y,z) = E y Q W (x,y,z)U(<|>-^ 0 ) + E y g W (x,y,z) + E^ W (p,<|),z) 


yo 


(4.176) 


where <t>' = 2 tt - w $ and 


184 



(4.177) 


E yQ W ( x ,y,z) = E cy exp(iK(ysinw®° - xcosw* 0 )) exp(ik z z) 

E^ W (x,y,z) * E cy tan(w*°) ex P (-J^ 0 (wf )/ir) U( + - ?*°) 

2cosw* 0 sin9' [sine'cosw® 0 - 1 cos Q ' | A CQ | / 1 B CQ | ) 

• 1 ~ 

(cos 2 0‘ + sin 2 0'cos 2 Wg°) 

•exp(iK(^xcosw®° + ysinw* 0 )) exp(ik z z) (4.178) 

-E cy e 11l/4 exp -Jj° (<!»)/( 2w)) exp(-Jj°(w^°)/(2ir)) 

/2irk 2[sin<|> - sinw®°)sin(w®°/2) 

sec ( ( <|>-w® 0 ) / 2 )T( a~ 0 ,ap° ) - sec(U+Ws°)/2)T(a* 0 ,ap 0 ^ 

(cos$ + cosWg°)sin9'(sin9'cosWg° - icos0' |A CO |/|B CO I) 
(cos 2 9‘ + sin 2 9'cos 2 w®°) 

1/2 1 

•cos(<t»/2)( 2cosw*°(cos$ + cosw® 0 )) exp(iKp + ik z)//p” 

s (4.179) 

Since H =0 for X <0, the total field H® is equal to the diffracted 
cy s * y 
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Substituting (4.175) into (4.109) yields (for large Kp) 


field H 


dsw 
'ye * 


H y (p,<M) 


dsw 

ye 


' E cy e 


iir/4 


expt-j5 e (*)/(2»))exp(-J5 u (w« 0 )/(2.)) 


ao/.ao^ 


/2irk n Q C s i n 4> - sinw^ e ) 


F(-Kpap e ) (2cosw ao (cosw^ e +cos<|>)) 1/2 G ao (-ikcos6' ) 
|B co |(sin 2 9'cos 2 w ao + cos 2 0‘) 

•/2K 2cos(<j>/2) cose' exp(ik z z + iKp)//p" . (4.180) 


As shown before, when X >0, E^ sw =0=E , so the total field E° is 

s y cy y 

equal to the diffracted field E y ^ w which can be also simply obtained 
from (4.167) by duality. Thus, for large Kp (<(>' = <^ e = 2 tt - wj? e ) 


H e iir/4 exp(-J ao ( $)/ (2ir))exp(-jt ie (w^ e )/ (2ir)) 
c dsw < . x _ y 1 5 

vP»<fr»w - ___ an ho 

* S2 ttK Y Q (sin<|> - sinw a ) sin(w^ e /2) 

F(-Kpa ao ) (2cosw^ e (cosw ao +cos<|>)) 1/2 cos0 l sin9'G he (-ikcos0' ) 
MBcolUinVcos 2 ^ +cos 2 9') 

■ — hp 1 

•/2K si n4> sinw $ exp(ik z z + iKp)//p“ • (4.181) 
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0 

Furthermore, for the TE polarization, the total field H , likewise, can 

J J 

be obtained by duality. It follows from Equations (4.161) and (4.109) 
that 

H®(x,y,z) - H^ w (x,y,z)U(+-?J e ) + H^ w (x,y,z) + H^ w (p,*,z) (4.182) 


where 

H^ W (x,y,z) = H cy exp(iK(ysinw^ e - xcosw^ 6 )) exp(ik z z) (4.183) 


is the incident field, and 


Hy| W (x,y,z) = H cy (l + coswp/cosw™ expl-J^w™)/*) U( + - ?" e ) 


he, 


he 


.he, he, 


rhe, 


2cosw^ e 

. 1 - * 


•exp(iK(xcosw 


sine' (sine'cosw^ e + i cos e * | A co | / 1 B co j ) 
(cos 2 0' + sin 2 0'cos 2 w^ e ) 

+ ysinWg 6 )) exp(ik z z) (4.184) 


is the reflected field. The last field component in Equation (4.182) is 
given by 


187 



H cy e 1,/4 exp(-Jj e (+)/(2ir)) exp(-Jj e (w^ e )/(2w)) 


p» 9»*; " /*_ heN 

/2ttK 2(sin<|> - sinw^ e ) 

. sec(U+w£ e )/2)T(a+ e ,a|} e ) + sec((<f>-w* e )/2)T(a“ e ,aJ; e ) 

( cos <|> + cosw|| e )sin9' (sin9'coswj] e + i cos 8 1 1 A CQ | / 1 B CQ | ] 
(cos 2 9‘ + sin 2 9'cos^w^ e ) 

hG |^0 ^ 

•(2cosw s ( cos ()> + cosw $ )) exp(iKp + ik z z)//p . (4.185) 


F. RELATIONSHIP BETWEEN THE (E z , H z ) AND THE (E y , H y ) FIELDS 

In Chapter III, the solution of the canonical problem was expressed 
in terms of E z and H z fields, while in Chapter IV, the normal fields E y 
and H y were used. It is necessary to know how to transform from one set 
of fields to the other in order to use both solutions together. 

It is shown in [45] that if all the field components have the same 
exponential z dependence exp(-ikzcos9' ) , then, all the fields can be 
expressed in terms of H z and E z as follows: 

E(x,y,z) = Vx(Vx(zE z ) + ikn 0 (zH z ))/|< 2 (4.186) 
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4 


(4.187) 


H(x,y,z) = 7x(7x(zH z ) - ikY Q (zE z ))/K 2 

As mentioned in Section B.3, it is shown in Appendix I that the 
fields components E x , E z , H x and H z (in the s-domain) can be expressed 
in terms of Ey and Hy. The expressions for these fields components are 
given in Equations (4.69)-(4.72). It is more convenient to write these 
equations in the periodic w-domain. Thus, substituting (4.115) and 
(4.116) into ( 4 . 69 )— (4.72) yields 


A 

H z (-Kcosw,y,z)= 


s i n 9 ' [cos 9 ' s i nwH y ( -Kcosw ,y , z ) +Y Q coswE y ( -Kcosw , x , z ) ] 

2 2 

1 - sin e'sin w 


(4.188) 


si n 9 ' [cos 9 ' si nwE y ( -Kcosw ,y , z ) -n Q coswHy ( -Kcosw , x , z ) ] 


E z (-Kcosw,y,z)= 


2 2 

1 - sin 9'sin w 


(4.189) 


A p A 

Y q cos 0 ' E ( -Kcosw ,x,z)-sin 0' cosws i nwH y ( -Kcosw ,y , z ) 


H x (-Kcosw ,y,z)= - 


1 - 


• 2 . . 2 
sin 0 sin w 


(4.190) 
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A o A 

-n cose'H (-Kcosw,x,z)-sin e'coswsinwE (-Kcosw,y,z) 

V J J 


E x (-Kcosw,y,z) = 


2 2 
1 - sin e'sin w 


(4.191) 


2 2 

Note that the roots of the denumerator (1 - sin 9 'sin w) are not poles 

of the above expressions. Furthermore, it will be useful for later use 
to obtain expressions for the incident hT and E^ fields in terms of the 

tangential E^ and H z fields. Thus, assume that the fields E z and H z are 
given by 


E z = E cz ex Pi i ( k x x - k / + k z z )) 


(4.192) 


H 


i 

z 


i i i 

= H cz exp(i(k x x - k y y + k z z)) 


(4.193) 


where E cz and H cz are arbitrary constants. Substituting (4.192) and 
(4.193) into (4.186) and (4.187) yields 


E y = "(V 05 * 1 H z + cos0 ' sin< l ) ' E z )/sin0' , 0<9 ' <tt (4.194) 

Hy = (Y 0 cos<t»' E z - cos0'sin<(»' H z )/sin9‘ , 0< 9 ' <n . (4.195) 
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6. DIFFRACTED AND H z FIELDS 


In this section, the diffracted fields E z (x,y,z) and H z (x,y,z) will 
be computed using the results of the previous section. 

A c 

The first step is to take the inverse Fourier transform of H z and 
E z# The fields E z and H* are given in Equations (4.76) and (4.78), 
respectively. In the periodic w-domain, these equations can be writen 
as follows: 


.,s 

n z = 


/2T 


< Cs, » iKcoswx .... 

j n z ^-Kcosw,y,z ) e \sinw aw 


w 


(4.196) 


= } E^(-Kcosw,y,z) e ^ Kcoswx Ksinw dw . (4.197) 

z S7T z 

w 

Recall that the diffracted fields E^J and were contributions from a 
integral along the steepest descend path which was evaluated 
asymptotically by the saddle point method. Thus, substituting w=<|> 
(saddle point) into (4.188) and (4.189) yields 


HJ(p,*,z)- 


sine'Ccose'sin* Hy(p,<|>,z)+Y 0 cos<> Ey(p,<J>,z)] 
1 - sin 2 9'sin 2 $ 


(4.198) 
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(4.199) 


E z (p,<fr,z) = 


si n 9 ' [cos 9 ' si n <|> Ey(p,<|>,z)-n 0 coS(j> Hy(p,<J>,z)l 
1 - sin^0'sin^<j) 


The next step is to write the constants E C y and H C y in terms of E cz 
and H cz so that the diffracted fields can be expressed in terms of E cz 
and H cz only. 


PEC CASE. 


Substituting (4.194), (4.195), (4.123) and (4.137) into (4.198) and 
(4.199), and after some rather tedious algebra, one obtains 


E,° ( ».♦.*)■ 


- E cz + Vcz cos9 ' »»<♦'•♦> (IKp+ik'z) 

I 6 ^ 


1 - sin^9'sin% 


(4.200) 


H z e (p,i>,z)= 


- H cz * V 0 E CZ C0S9' e (,Kp*ik;z) 

1 - sin (i) 2 9'sin 2 4> /p” 


where the subscripts and superscripts attached to the diffraction 

- 1 -ft LI Lft 

coefficients (D ZQ , D ZQ , D zg , D zg } refer to the following facts: 


(i) "a" refers to the electric field, while "h" refers to the 

magnetic field. 
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(ii) "z" refers to the fact that these diffraction coefficients 
pertain to the E z and H z fields. 

(iii) "e" refers to the even case, whereas, ”o" refers to the odd 
case. 

The diffraction coefficients {D®*, D* 2 , D^, d!) 2 } can be 
expressed in terms of the diffraction coefficients obtained in Chapter 
III as follows: 




.da 


= cos<J> Dy“(*' ,*)[cos*‘ - (cos <J> + cos*' JF^] 


4* rnc 


■flUinAcinA 1 

w - • y- ' *' Y 


n dh fA' rnc <4* + rnc 4 

^yO V Y ,r 7 


' \F Ce 1 


(0. 9C\9\ 


D ze( * *) = sin * D yS( < l ,, »+)C cos ^ • (c 05 * + cos*')Fi e ] 

+ cos<|> Dyg(4' , 4>)C-si n<t>' + (cos<|> + cos*')?^ (4.203) 


D Z J(*',*) = cos* Dy|j (*',*) [cos*' - (cos* + cos*' )Fj e ] 

+ cos 2 9'sin* Dyg(*' ,*)[sin*' - (cos* + cos*')F^ e ] (4.204) 

D Z g(*',*) = cos*sin*' D^(*',*)[l - (cos* + cos*')F^ e ] 

+ sin* Dyg(*' ,*)[-cos*' + (cos* + cos*'^ 6 ] (4.205) 
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where the diffraction coefficients (D^, ) are exactly the same as 

d d 

the diffraction coefficients (De, Do) of Chapter III, except that k is 
replaced by K. Therefore, it follows from (3.210) and (3.242) that: 


in/4 (1 - R e )/2 [(sin£ -cosi>)(sin5 -cos<|>' )] 

o da u,n 

ye /mr (sin<J> + cosC ae ) 


•exp(-(Jj e (<i»)+J^ e (<|> , ))/(2ir)).(sec(0 + /2)F(-KLa + )+se(672)F(-KLa')) 


iir/4 (1 + R?)/2 [(sinE^-cosffrMsinfi^-cosV )] 
3 /ZirK ( si n 4> + cosC ) 


•exp(-( Jj°((j>)+J^°((|)' ))/(.2u))»(sec( $"/2)F(-KLa~)-se( g + /2)F(-KLa + )) 


•cos ( 4>/ 2)/sin(4>'/2) 


where the subscript "y" refers to the and fields. 

The functions which do not depend on the angles of 

observation (<|>,e), are given by 


Fj e U\9')= cos<f>'F^ c + 2cos t 9'cos(4.'/2)sin(<fr , )F2 


i v C ce 


( 4*' * 9 1 ) = cos^'F^t cos^'sin^'F^ 6 
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(4.210) 


PfU'.e')' Fj e - F^ e cos<|>'/sin(+'/2) 

^ e (<j>',9') = sin + 'F^- cos ^F^ 6 (4.211) 

where 


F^ e (<|»' ,9' )= sine' (sin9'cos<fr‘ - icose' |A ce |/|B ce | )/(l-sin 2 9'sin 2 <f>') 

(4.212) 

F^ 6 ( <f> 1 ,9' )= sin9' (sin9'cos«|>' + icosQ' | A ce | / |B ce | )/( l-sin'Vsin 2 ^ ) 

(4.213) 

sin9'cos5 ae (sin<)) , +cos5 ho )exp([jj 0 (((>' ) - J^ e ( 4>' ) ] / ( 2 tt ) ) 

p Ce ^l Q I ^ _ 

2 (l-sin 2 9'sin 2 4>' )k|B ce | (sin4>'+cos5 ae )(l+sin9'cos5 ae ) 

• /TV ((sinf^-cosV )/(sinC no -cos<|»' ) ) /sin«t»' (4.214) 

2sin( 4>'/2) (sin$'+cos5 ae )exp([j ae U' )-jJ 0 (<l>' ) ]/(2it)) 

F Ce (<^ , ,9 , )= : 

4 (l-sin 2 9'sin 2 + , )k|B ce | (sin<t>'+cosC ho )(l+sin9'cosc ho ) 

, 1/2 

• /TV ((sin£-cos<j»' ) / ( si n C ae -cos ) ) /cos(f- ae ) . (4.215) 
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• 

Note that for a given 4>' , 9' and C, the functions {F9 e }7 =1 are fixed, 
which is very helpful when the diffraction coefficients have to be 
computed. 

PMC CASE. 

The diffracted E^ e and H^° fields can be simply obtained by duality 
from the results given for the PEC case, that is 


E^P.Kz ) 3 


-E cz o£(*',*) + n 0 H cz cose' 


e (iKp+ik^z) 

2 2 

1 - sin 9'sin <|> 


/T 


(4.216) 




-H cz d£(*M) + V 0 E cz cos9' 

D^o ( ^ ' ,< * > ) 

e (iKp+ik^z) 

1 - sin 2 9'sin 2 <(> 


/p" 


(4.217) 


where 


D *e(<l>\<J>) = cos<j> D^U' ,<J>)[cos<j>' - (cos<|> + cos-fr')^ 0 ] 

+ cos 2 0'sin<j)sin<|>' D^(<}»' , cf>) T 1- ( cos + cos^')?!; 0 ] (4.218) 

yo ° 
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D^(t',t) = -si n<|» Dy®(+',<fr)[cost' - (cos* + cost')^ 0 ] 

- cos <(► D ygU' *<l>)C-si n<(>* + (cos ♦ + cos4>')F^°] 


D^(t',*) = cost D^(f,t)Ccost' - (cost + cost')^ 0 ] 

+ cos 2 9'sint Ryg(t‘ ,t)Csint' - (cost + cost')F^°] 


n a' a\ - 
u ZO vy ,y/ 


—r r\ c Ac *i n A 1 

j yj i ii y 


n da t * ' 
~yo vr 


_ 

> T / l» * 


{ me A 

\ ****** T 


rnc*' iF C0 1 

W V y ; ' 3 J 


,dh, 


- sint Dyg(t' »t)C-cost' + (cost + cost'^ 0 !! 


Dyg(«fr,V.5 he ) = Dyg(t»t' »£ ae ) 


Dyo(t,V,5 a °) « D^(t,t',5 h °) 

F?°(t' ,e' , 5 a °, 5 he ) = P^ e ( • 0' ,C h0 5 ae ) , i=l ,2,3,4 . 


(4.219) 


(4.220) 


(4.221) 


(4.222) 


(4.223) 


(4.224) 
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CHAPTER V 


DIELECTRIC/FERRITE BISECTION PROBLEM 

Recall that when the solution of the dielectric/ferrite bisection 
problem (even and odd) was being discussed in Chapter II, it was 
mentioned that this problem was still fairly complicated. In order to 
simplify the problem, the thin, grounded dielectric/ferrite slab was 
replaced by an impedance wall. In this chapter, two different ways of 
modifying the solutions obtained in Chapters III and IV will be shown. 

The first approach is to try to obtain a value for Z s from the 
parameters describing the dielectric/ferrite slab, i.e., d, e r , y r . 

This approach applies to thin dielectric slabs (a more specific 
condition on how thin will be given below). The second approach is to 
modify the solutions obtained in Chapters III and IV, so that the 
geometrical optics fields are the exact fields which can be obtained by 
applying the exact boundary conditions to the grounded 
dielectric/ferrite slab. 
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A. FIRST APPROACH 


In order to obtain the value of the impedance Z s assume the 
geometry is as depicted in Figure 5.1 where a dielectric/ferrite slab 
above a perfectly conducting electric or magnetic plane is shown. 

Following the same procedure as in [21,46], it can be shown that if 
a dielectric/ferrite slab of thickness d/2 as shown in Figure 5.1 
satisfies the condition 

kd/2 |N| « 1 (5.1) 

where N, given by 



Figure 5.1 Grounded Dielectric/Ferrite Slab. 
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is the index of refraction, then Z $ can be approximatly found as 
follows: 


(i) TE Z polarization (H z ) 


'o 2 d 
Z s " - 1 ^ < N “I) k 2 


2 n. 


Z s “ 1 (e -1) kd 


(ii) TM z polarization (E z ) 

1 -i 2 d 

^ = V s " VV (N 


= Y. 


z s " s n 0 (u r -l) kd 


(iii) TEy polarization (H^) 


1 


-l 


— = Y « 

Z s s Vr 


(N -1) k 


_ i £_ 

Z ‘ Y s ” n n (u -1) kd 


(iv) TM polarization (E ) 

J J 


’o 2 d 
Z s - -i ~ (N -1) k j 


12n 


•s " (e - 1 ) kd 


(even case) 


(odd case) 


(even case) 


(odd case) 


(even case) 


(odd case) 


(even case) 


(odd case) 



Recall that the final objective of this study is to obtain a 
solution for a thin dielectric/ferrite half-plane. As shown in Chapter 
II, this can be accomplished by adding the solutions of the even and odd 
bisections. The validity of this approximate representation for a thin 
dielectric/ferrite sheet (by an equivalent impedance Z s ) can be 
established [17] by comparing the corresponding reflection and 
transmission coefficients (obtained by susbstituting Equations 
(5.3)-(5.10) into (2.11) and (2.12)) for a plane wave incident on a 
sheet of infinite extent, with the expressions obtained by application 
of the exact boundary conditions. It is found [17] that the results 
agree provided that Equation (5.1) is satisfied. 

B. SECOND APPROACH 

As stated above, the second approach is to modify the solutions of 
Chapters III and IV, so that the geometrical optics field is exact. 

This implies that the diffracted field has to be modified also in order 
to obtain a continuous total field at the shadow boundaries. 

Thus, a modification of the reflected geometrical optics field will 
be considered first. This will be followed by a modification of the 
diffracted field component. Finally, the expressions for the surface 
wave field (excited by a plane wave incident on the even and odd 
bisections), reflected surface wave field, and diffracted surface wave 
field will be modified. 

It is well known that an infinite number of surface wave modes 
(even and odd) can exist in the dielectric/ferrite slab [21] with all 
the modes, but one, having a lower frequency cutoff. The only mode 
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without lower frequency cutoff is the lowest order even mode. In this 
second approach, it will be assumed that the dielectric/ferrite slab 
parameters are such that only the lowest order even mode (TE and/or TM) 
can exist. 

cl 

For example, for a lossless dielectric slab, the values of x at 
cutoff for both TE and TM polarizations are given by [21] 

d n 

^ = 2 (e - 1 ) 1/2 n = 0, 1, 2, 3, ... (5.11) 

where X is the free space wavelength, is real and u =1. The even 
integers refer to the even modes, while the odd integers refer to the 
odd modes. Thus, if 

d 1 

0 < X < 2(e r -l) 1/z . ( 5 ’ 12) 

only the lowest order mode can exist. 

Note that an important assumption is being made here in treating 
the diffraction problem from a dielectric/ferrite half-plane. Since the 
solutions obtained in Chapters III and IV are being modified in order to 
treat the dielectric/ferrite half-plane problem, it is assumed that the 
dielectric/ferrite half-plane has only one equivalent diffracting edge 
instead of the two geometrical edges at the end of a half-plane of 
finite thickness. This assumption is found to be valid as long as the 
dielectric/ferrite half-plane is less than one quarter wavelength inside 
the dielectric/ferrite medium. 
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1. Modification of the Reflected Geometrical Optics Field 


It was shown in Chapters III and IV that the unperturbed reflected 
field can be written as follows: 

I 

(T(p,<M) = v RU') e ~ iKpcos (4 )+< t' 1 ) e lk z Z (5.13) 

where R(<)>') is the Fresnel reflection coefficient of an impedance wall, 
and k z =0, K=k for the special case of normal incidence. 

It is easy to show that an expression similar to (5.13) is obtained 
for the geometry of Figure 5.1 if the exact boundary conditions are 
applied. It is shown in Appendix J that the reflection coefficients for 
the TE z , TEy, TM z and TMy polarizations can be obtained by the 
Transverse Resonance Method. Note that the reflection coefficients 
obtained in Appendix J are referred to the x-z plane. 

It follows from Appendix J, that the reflection coefficients of 
Figure 5.1 (referred to the x-z plane) for the different polarizations 
can be expressed as follows (e" 1wt time convention): 


EVEN Reflection Coefficients 

sinij)' - y” 1 (4>* »©')/sin0' 

si n 4> 1 + y e ( ♦ ' , 9 ' )/si n 9 1 


(H® ) , 0< 0 * <ir 
(5.14) 


Rj(V,e') 


si n <t> ' - e”l y e U' ,0')/sin8' 
si n <(> ' + s r ”*Y ,8')/sin0' 


-iki|»(<t>‘ ,0' ) 


; (Ey), o<0 ' <TT 

(5.15) 
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(^U',9'^/2) 


si n<>' - y" 1 Y e (<t»' ,9‘=ir/2) 
si n<(>' + m' 1 Y e U\9'=ir/2) 


— i k ip( «(► ‘ ,9'=ir/2) . 

“ 9 

(E*). 9'=n/2 


(5.16) 


R^( < *>' * 9, =7r/2) 


sin*' - e^ 1 Y e (<t>' ,9'-ir/2) 
sin*’ + e" 1 Y e (+' ,9'=ir/2) 


-i ki|»( <fr' ,9 '=tt/2) . 

“ 9 

(H®), 9'=ir/2 


(5.17) 


ODD Reflection Coefficients 


s i n <}> 1 - y" 1 y°(*' ,9' ) /s i n 0 ' 


R2(V,e*) * t— e -ikt(*',8') . (H o K 0< o' <w 

n si n<f>' + y 1 Y°(<t»' , 9’ ) /si n 9 ' y 

(5.18) 


sin*' - e~* y° ( i* 1 » 9 * )/sin0* 

SaU'.e') = zri > 

a sin*' + e 1 Y (♦ , .0 , )/sine' 


e -i k^( 4>' »9') ; (E°), 0<9 ' <TT 

(5.19) 


sin*' - yj; 1 Y°( 4>' , 9' =w/2) 


^(*', 0 '=ir/2) = 


sin*' + y" 1 y°(*'»9'=it/2) 


-ik*(*' ,9'=ir/2) . 

- 9 

(E°), 9' =it/2 


(5.20) 
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n 2 2 2 2 1/2 
Y ( 4>' . © ' ) = +i[N -cos 6'sin <|> 1 -cos <(>'] 

— 2 2 2 2 1/2 d - 

•cot [N -cos 0'sin 4>'-cos <J>'] k ^ (5.23) 

and 

t(<fr',9') = dsin9'sin<|»' (5.24) 

where N is the index of refraction and it was defined in Equation (5.2). 

The reflection coefficients defined in Equations (5.15), (5.19), 
(5.14) and (5.18) are shown in Figures (5.2)-(5.5), respectively, for 
0 1 =ir/6, d/2=0.025X , and for the following values of and u p : 


(1) 

e p = 2.(1+ i 0.05) 

u r = 1.(1+ i 0.0) 

(2) 

e p = 3.(1+ i 0.0) 

y r = 1.(1+ i 0.0) 

(3) 

e p = 3.(1+ i 0.1) 

u p = 2.(1+ iO.l) 

(4) 

e p = 3.(1+ i 0.05) 

u p = 4.(1+ i 0.05) 

(5) 

e p = 4.(1+ iO.l) 

u r = 4.(1+ iO.l) 
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PHRSE (REEL . ) , ET. EVEN CRSE 
0 . 4 5 . 90 . 135 . 180 . 


ANGLE OF INCIDENCE (DEG) 


Magnitude of Reflection Coefficient 



10 . 20 . 30 . 40 . 50 . 60 . 70 . 80 . 90 . 


ANGLE OF INCIDENCE (DEG) 
Phase of Reflection Coefficient (Degrees) 


Figure 5.2. Reflection coefficient for TM polarization (E ), even 




Magnitude of Reflection Coefficient 


LU 

cn 



Phase of Reflection Coefficient (Degrees) 

Figure 5.3. Reflection coefficient for TM y polarization (E y ), odd case. 
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PHRSE (REEL . ) , HT, EVEN CRSE 
0 . 45 . 40 . 135 . 180 . 


RNGLE OF INCIDENCE (DEG) 


Magnitude of Reflection Coefficient 



1 j 1 | I I I l i i 1 

10 . 20 . 30 . 40 . 50 . 60 . 70 . 80 . 90 . 

RNGLE OF INCIDENCE (DEG) 


Phase of Reflection Coefficient (Degrees) 


Figure 5.4. Reflection coefficient for TE polarization (H ), even 




ANGLE OF INCIDENCE (DEG) 


ii. — -*i. — i - .r r 1 1 : r> rrj i. 

nagri i tuue ui r\ei leniufi ui uuei i tcrenu 


LU 

CO 



ANGLE OF INCIDENCE (DEG) 


Phase of Reflection Coefficient (Degrees) 

Figure 5.5. Reflection coefficient for TEy polarization (Hy), odd case. 
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Note that the reflection coefficients shown in Figures (5.2) 

through (5.5) can be controlled (magnitude and phase) by varying the 

values of e , u and d. The reason for referring the reflection 
r r 

coefficients to the x-z plane is because the edge diffracted field from 
the dielectric/ferrite half-plane is assumed to originate from an 
equivalent edge located half way between the two geometrical edges of 
the half-plane of finite thickness. 

Since the geometrical optics field has been modified, the 
diffracted field has to be modified also to have a continuous total 
field at the boundary <|>=ir-<J>, where the reflected field becomes 
discontinuous. First, the diffraction coefficients (for plane and 
surface wave incidence) and the surface wave launching coefficients for 
the 2-D (normal incidence) impedance bisection problem will be modified. 
In Section C, the more general 3-D results obtained in Chapter IV will 
also be modified, however, unlike the 2-D case, a combination of the 
first and second approaches will be used. 

2. Diffraction Coefficients for the Normal Incidence Case (9'=ir/2) 

Recall that the diffraction coefficients D°* and D^ obtained in 

e o 

Chapter III are a function of 5, which is related to the normalized 
impedance or admittance as shown in Equations (3.96) and (3.156). The 
goal of this section is to find an equivalent C for the 
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dielectric/ferrite slab depicted in Figure 5.1. Unlike K» the new £ 
will be a function of <J>' and 0'. 

<v 

In order to obtain the new function 5, note that near the boundary 
the diffraction coefficients D^j and for the impedance 
bisection problem (see Chapter III) are equal to 


^e,o^" 1t- ^' * » 9 ' =ir /2) 



sign(e) + CT e, ° 


(5.25) 


uiho ro PT 


e,o 


a rnrvHnunnc form af- tho hnunrlarv/ 

~ > ~ * • • ’ J 


A=Tr-A* anrl 


e = <|> + - ir 


(5.26) 


The sign that e takes on both sides of the shadow boundary is depicted 
in Figure 5.6. Note that R g Q , defined in (3.20), is the Fresnel 
reflection coefficient for an impedance wall. 

Furthermore, it is easy to prove that and satisfy the Lorentz 
reciprocity theorem, that is [47] 


, 0 < (<M‘) < u . (5.27) 
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Figure 5.6. Sign of e near the reflection shadow boundary. 

Now, let D & and D Q be the even and odd diffraction coefficients for the 
dielectric/ferrite bisection problem, respectively. These two 
diffraction coefficients also satisfy Equation (5.27). In addition to 
that, they satisfy an equation similar to (5.25), that is 

1_R e,o 

D e,o(*" ,ir -* , »* , ’ 9 ' =ir/2 ) = ~ 2 — sign(e) + CT e, ° (5.28) 

where R g Q is the reflection coefficient defined in the previous section 
and CT ’ is a continuous term at the boundary <j> ' . 
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The first step in finding the function 5 is to define a new 

/w I 

function R° ^ which assumes the value of R „ at the boundary d»=iT 
e,o e,o J T 

that is 


si n 4> ' - cosC -iktji 
e 


sm<j> + cos? 6 


sin<|>' - cost 0 -i kip 

~ i ^ e 

sm<t>' + cos£ 


RI(<M') = 


where cos 5 and cos 5 are defined as follows: 


? e,o (<M '» 0,=,r/2) = ^e,o^' *^* 9 ' =ir/2 ^ = c 0 ^’ 0 


- -1- 
M r 

~ e »°. 

E 

z 

e - 1 

Y ( ♦> 4**9 =*/2); 

H 

r 


z 


and 


~e 


Y (♦' ,<J»,0'=u/2) = -i[N -| cos<f>cos«^' | 3 


1/2 


•tan 


2 , 1/2 
(N -|cos<frcos<|>' | ) kd/2 


7 ° 


2 1/2 

(♦' »<fr»9 ,ai r/2) = i[N -| cos4>cos<t>' | ] 


•cot 


2 1/2 I 

(N -IcosKosV I ) kd/2 | 


-V, 


(5.29) 


(5.30) 


(5.31) 


(5.32) 


(5.33) 
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ir ir d d 

= J sin9' (sin<f>+sin<|>' ) = j (sin<t»+sin<j>' ) 

9'=ir/2 

. (5.34) 

Note that ? and y° are functions of <f> and <t>', while y 6 and Y° were not. 
Moreover, ? ,0 is equal to Y e *°(4>' ,0 '=tt/ 2) at the boundary <f»=ir-<|>'. For 
the lossless case (N real) and for 4>, <)>' in the interval 0<( <(>»<!> * )<*, it 
is desirable that and 6 Q do not change sign. It follows that 

2 1/2 kd ir , 

0 < [N - | cos <|>cso4>' | D T < 1 > 0 < (<j>,<f>') < * (5.35) 

which implies that 

( 5 - 36 ) 

where X is the free space wavelength. Note that if Equation (5.36) is 
satisfied, Equation (5.12) will also be satisfied. The above 
restriction is due to the fact that 6 plays the role of an equivalent 

tr } \j 

normalized reactance (or susceptance) for the dielectric/ferrite slab 
depicted in Figure 5.1. 

Replacing R _ by in the term (1±R_ _)/2, one gets 

6)0 6)0 6)0 


1 

1 

rH 

1 


l-e- 1k * 

si n 4> ' 

l + e- 1k5: 

cos'? 

2 


2 

+ 

sin^'+cos? 6 

2 

sin^'+cos? 6 


(5.37) 

and 
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'VJ 'X'l 

Recall that and D° have to satisfy Equation (5.27), however, (5.37) 
and (5.38) do not satisfy these two equations, so one more modification 
is necessary. The new quantities (l-IT)/2 and (l+R°)/2 which satisfy 
Equation (5.27), are defined in Equations (5.39) and (5.40) as follows: 


1 

rH 

1 


He- 1 "* 

•?e 
cos K 


1/2 

(sin*sin*‘ ) 

2 


2 

+ | 

sin^'+cos? 6 

2 

sin^'+cos? 6 


(5.39) 


and 



2cos(<fr72)cos(<|>/2) 

sin*'+cosI° 




. . ~o 

sin* +cos5 


(5.40) 
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where 


I si n( <*> + 4>' ) | 

f (♦' .♦) - f(<M') = 2 y . (5.41) 

(*-♦) (*-♦') 


The new function was introduced because the term 

cos( <(>/2)/si n( <j>'/2) in (5.38) becomes unbounded at <|>'=0. Note that the 

function e~^ assumes the following values when $ = tt or <J> = ir-<j>': 

-f 


and 


1 at <(> — if— (j)' 

0 as -*• it 


(5.42) 









1-IT 


1-R 


1+fT 


1+R 

e 


e 


0 


0 

2 


2 

9 

2 


2 

— 











(5.43) 


as required. Furthermore, when d is very small 
$ « 0 


(5.44) 


and 


"l-R-f 

COSC 6 

l+R^ 

0 

2cos(4»/2)cos<f>'/2) 

2 

sin<(>'+cos5 

2 

. ~e * 

sm<j>+cos£; 


(5.45) 


The modifications made above may appear arbitrary, however, as 
shown in Chapter VIII, they give very good results when compared with 
solutions obtained using the method of moments. 

Using the results obtained above, the new diffraction coefficients 

~ e 

D g and D Q for the geometry depicted in Figure 5.7 can be written as 
follows. 
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PEC OR PMC 


Figure 5.7. Dielectric/ferrite bisection problem. 


= - 



2 


e 1 */ 4 


. C(sin5 e -cos<|>)(sin5-cos<(»' )] 


1/2 


sin<|>+cosC 


jfU)+J?(4>') 

2ir 

e 


• sec($ + /2)F(-kLa + ) + sec((f /2)F(-kLa") 


0 < <► < ir 



2 


C (♦.♦') - D° (♦',♦) - — 
02 02 /'M 


1/2 J? ( <I>) + J l ( 1 ) 


. [(sin 5°-cos c|>) ( si n^-cos (j)' )] 
si n<(> + cos? 0 


2ir 


sec(p~/2)F(-kLa”) - sec( p + /2)F(-kLa + ) 


(5.47 


where 


ir/2-w+e°’ e 

J 0,e (w) = J sint dt . (5.48 

3ir/2-w-i°’ e 


3. Modification of Surface Wave Field Excited by a Plane Wave 
(Normal Incidence) 

From the results given in Chapter III, the expressions for the 
surface wave fields u* w and u^ w can be completely specified in terms of 
{• and w which is the pole of G_(-kcosw). Since £ e *° can be expressed 
in terms of w®*°, the fields u^ w and u^ w can be represented as a 
function of w only. 



SW cu 

Thus, the first step is to rewrite u g and u Q in terms of w g . 
Substituting Equations (3.167) and (3.215) into (3.200) and (3.233), 
respectively, yields 

Ug W (p,4>,w®) * u 1 (QE) L^(*',w®) exp[ik(xcosw®+ysinw*]U(<M^) (5.49) 
u o W ( p ’*» w s) = 1,1 exp[i k (xcosw°+ysi nw°]U( ) (5.50) 


where l. and L are the even and odd surface wave launching 
ze zo 3 

coefficients, respectively, and 


u 1 (QE) 


u 1 (o- 0 ) = ve -ikocos(+-V) 


P=0 


V 


(5.51) 


The coefficients and are given by the following two 
expressions: 



sin(w®) 

sin<t>'-sinw® 


2(cosw®+cos<|>' ) 
cosw® 


1/2 



-i , , 


— — 

•exp 


• 

sec((w®-*')/2) + sec((w|++')/2) 


(5.52) 
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I ^ / , i 0 \ 

LqzU >w s ) = 


-2cos(<|>72)cos(w°/2) 


sin<j>'-sinw° 


2(cosw°+cos«t>' ) 


, 1/2 


cosw„ 


• exp 



[ J ?(wJ)+j}(*')] • 


sec(_(w°-<f>')/2) - sec((w°+$')/2) 


(5.53) 

where 


JjCa) 


2ir-W -a 

, t 

J sint dt 


(5.54) 


sw 

Note that QE is the point where u is excited, which in this case 
happens to be the origin. 

It is shown in [21] that for the grounded dielectric/ferrite slab 
depicted in Figure 5.1, the propagation constants cos(w $ ) and sin(w $ ) of 
a surface wave field are a function of the poles (on the proper Riemann 
surface) of the reflection coefficients defined in Equations (5.16), 
(5.17), (5.20) and (5.21) with <j>' replaced by the complex variable w. 

In other words, for the grounded dielectric/ferrite slab of thickness 
d/2, w $ is the root of the equations: 
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“r-l 

.2 2 e 1/2 

2 2 p 1/2 d 


E z 

sinw^ - i 


(N -cos w $ ) tan 

(N -cos wp k 7 

= 0 ; 

H 

Z 


(5.55) 


and 


V 1 

, 2 2 o , 1/2 

, 2 2 0 1/2 d 


E z 


(N -cos w s ) cot 

(N -cos w°) k 7 

=0; 

H 

Z 


. (5.56) 

Since Equations (5.55)-(5.56) have many solutions, the roots w g have to 
lie in the correct location of the periodic w-domain so they will 
correspond to physically possible surface wave fields (see Figure 3.11). 
Furthermore, it was assumed at the beginning of Section B, that the 
parameters of the dielectric/ferrite slab (e r> d) are chosen so that 
only the lowest order even mode can propagate. Thus, only Equation 
(5,55) has to be solved for the root corresponding to the lowest 
order even mode, and the field u^ w given in (5.50) is not allowed to 
exist. Once w| is calculated in (5.55), then u^ w can be easily computed 
by substituting w® into ( 5 . 49 ) and (5.52). 

4. Modification of Reflected and Diffracted Surface Wave Fields 
Excited by an Incident Surface Wave (Normal Incidence) 

The procedure for modifying the reflected and diffracted surface 
wave fields is the same as in Section 3. In other words, the 


221 



expressions for the reflected and diffracted surface wave fields are 


rewritten in terms of w $ only, where w s is calculated by solving 
Equations (5.55) and (5.56). It follows from (3.278) and (3.291) that 


u e SW (p,4>) = u^ SW (QR) R*>*) exp[i k (xcosw^+ysinw®)] (5.57) 

Uq SW (p,4>) = u^ sw (QR) Rq^ ( W g ) exp[ik(xcosw°+ysinw°)] (5.58) 


0 Q 

where w $ and w $ are the roots of Equations (5.55) and (5.56), 

respectively. The functions R sw and R sw , qiven by 

ez oz 3 J 


1+cosw® 

s 


-i 

2ir-2w e 

s 

r 

t 

e 

cosw s 

exp 

TT 

I 

0 

sint 


and 


(5.59) 


= tan ( w °) 


exp 


. 2ir-2w° 

-1 s 

- i 
0 


sint 


dt 


(5.60) 


1 sw 

are the even and odd reflection coefficients, respectively, u (QR) is 
the incident surface wave field evaluated at the point of reflection QR, 
which in this problem happens to be the orgin. That is. 


u 1SW (QR) = ve 


ik(-xcosw +ysinw ) 


x=y=0 


(5.61) 
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The diffracted surface wave fields can be rewritten as follows: 


Jkp 




u; sw (qe) ■£" 


,,dsw / .x isw , nc y n swd 
u Q (p,4>) - u Q (QE) D qz 


✓p 

e ik P 

/p 


swd swd 

where D gz and D Qz are the surface wave diffraction coefficients 
can be obtained from Equations (3.318) and (3.332) such that 


xSwd _ 


ie -iir/4 sin(w®) 


ez 


/2^k (cosw|+cos4>) 


2cos(w®)(l+cos<j>) 
(C0SW®-1)(C0S<J>-C0SW®) 


1/2 


sin^+sinw® 

1/2 

— — r iG/ i\ t e / G\ n 

sin<j>-sinw® 

• exp 

2ir ( < fr) +J i ( w s ) n 


5 swd 

oz 


t.- 1w/4 


sin<j> 




(cosw^+cos*) 


2cos(w°) 


COSW s -COS(|» 


1/2 


sin<(>+sinw c 


sin<j>-sinw 


1/2 


exp 


27 


(5.62) 


(5.63) 

which 


(5.64) 


(5.65) 
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The point QE is the point of diffraction which in this particular 
problem is equal to QR. Thus, 

u 1SW (QE) = v . (5.66) 

As in Section 3, if only the lowest order even mode is allowed to exist, 

Rq W and D^ d are equal to zero. 

C. MODIFICATION OF DIFFRACTED FIELD FOR PLANE WAVE INCIDENCE 
(OBLIQUE INCIDENCE CASE) 

As shown in Chapter IV, the diffraction coefficients for the fields 
E d and can be expressed in terms of the two-dimensional diffraction 
coefficients (obtained in Chapter III) and the F.. -functions. Note that 
all the ^-functions are multiplied by ( cos 4>+cos * ) which is zero at the 

shadow boundary 4>=ir-<|> ' . This means that the F.. -functions do not play a 

very important role near the shadow boundary. Consequently, the two 
approaches described in Sections A and B will be combined to modify the 
diffraction coefficients for the case of oblique incidence. 

The diffraction coefficients {D d g, D d £, D d ^, D d ^} will be modified 
following an approach similar to that in Section B.2. First, the 
functions 6 e and 6 Q are defined as follows: 
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where 


cos?’ 0 


<h> 


( a ) 

sine' 


v 1 " 


E 

r 

~e,o 

y 

37 

Y (<t>‘ , 4>,9' )/sin9' ; 

H 

_ y_ 


(5.67) 


^2 21/2 
Y (<*►',♦, 6 ' ) = -i [N -( | cos <f»cos <|> ' | + | s i n <(>s i n 4> ’ |cos 6')] 

2 , 21/2“ 
•tan i [N -( IcosKos^' | + |sin<j>sin<)>' |cos 9')] kd/2 


(5.68) 


Y°( , <t>, 9 ' ) = i[N -( | cosmos <J>‘ | + | s i n 4»s i n 4> ' |cos 0')] 


•cot 


2 21/2. 

[N -( ( cos<|)Cos<(»' | + I si n 4>si n 4> ' | cos 9')] kd/2 | . (5.69) 


As in the 2-D case, y 0 ,0 ( ,4>,9‘ ) is equal to y 6 ’ 0 when <|)=Tr-«(>* . 

Next, the expressions (l+R*?)cos(<|>/2)/(2sin(<t>72)) and (l-R^)/2 are 

U C 

*rl w rl 

replaced by two new functions (l+R^)/2 and (l-R°)/2 given in Equations 
(5.40) and (5.39), respectively, except that the functions cos? and 
cos? which appear in (5.39)-(5.40) are replaced by the ones defined in 
(5.67). Furthermore, the function 4»( 4>» 4> ' * 9 ' ) given in (5.34) replaces 
4»( 4>, 4>' , 9 * =tt/ 2) in (5. 39) -(5.40). Therefore, the new diffraction 

coefficients {D^, D^, D^, 0^ } are similar to those in 
( 5.46)-( 5.47) , except for the changes mentioned above and the fact that 
k is replaced by K. 
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Since the F.. -functions are multiplied by a function which is zero 
at the boundary 4 >=u-()> ' , they are modified as indicated in Section A; 
i.e., "the first approach". In other words, the parameters 
{? ae , C ao , C* 16 . ?^ 0 } which appear in the F.. -functions will be replaced 
by the new set of parameters {| ae , | ao , | he , £ ho } which are calculated 
as follows: 


-he 


■i (N 2 -l)kd 


cos?"" 2 y p sin0' 


i 2 


r ho = 


cos£ u r kdsine‘ 


0 < 0* < TT 


0 < 0' < IT 


(5.70) 


(5.71) 


-i (N -l)kd 

cos? ae “ e 2sin0' 

* r 


i 2 


cos? ao e kdsin©' 
~ r 


0 < 0' < TT 


0 < 0' < TT 


(5.72) 


(5.73) 


Note that the real part of the parameter £ is restricted to the interval 
0 < Re (£) < tt/2. 


D. MODIFICATION OF SURFACE WAVE FIELD EXCITED BY A PLANE WAVE 
(OBLIQUE INCIDENCE) 

Recall that the surface wave fields E^ w and Hy W are expressed in 

i i sw si 

terms of the incident fields E and H . In order to express E and H 

y y y y 

in terms of launching coefficients similar to those defined in Section 
B.3, it is necessary to rewrite E^ and in terms of E^ and H^. 
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PEC Case 


Substituting (4.194)-(4.195) into (4.121) and (4.135) yields 

• (cos 8' p“ E ♦ n p" H ] 


ye 


ye 


i k z 

• UU-^ e ) • e z • exp [iK(xcosw^ e +ysinw^ e ) ] 


H a “(8',8,5 h °) - L^Nv.w^ 0 ) • [cose' p!|° H C2 ♦ Y 0 pJ° £„] 


i k z 

• UU-tf 0 ) • e z • exp [iK(xcosw^°+ysinw^°) ] 


SWd swh 

The surface wave launchina coefficients L and L are qiven bv 


ye 


yo 


L-JJV.w s 6 ) = *'ze W ^' » w s^ sin9 ' 


i swh * i ho \ • sw / , i 0\» • * i 

Lyo ( ♦ » w s ) = L zo (<l> ,w s )/sin9’ 


where and were defined in (5.52) and (5.53), respectively 
The constants {P*®, P^, Pj°, p!jj°} can be expressed as follows: 

P ls = -c 05 *' + ( cos< l>' + cos -T) 

P 2s = " sin< l ,, + ( cos 4 > ' + cos wf) F^ e 

P ls = cos< *’' “ ( cos i*' + cos w s°) ^ 

P 2s = -sin<J '' + si n<t>' (cose|>' + cos w^°) F^ 6 
where the functions {P? e } were defined in Chapter IV. 


(5.74) 

(5.75) 

(5.76) 

(5.77) 

(5.78) 

(5.79) 

(5.80) 

(5.81) 
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The constants w ae and w^° which appear in the launching 
coefficients {L^g 3 , are the roots of the following equations: 


sinw 3e + e~* Y e (w 3e ,9' ) /si n 0 ' = 0 


(5.82) 


sinw^ 0 + p r * y°(w^°,9' ) /si n 0 ' 


(5.83) 


where 


e, M . r 2 2,2 2 1/2 

Y (w,9 ) = -i[N -cos 9'sin w-cos w] 


tan 


_ 2 2 2 2 1/2 kd 

[N -cos 9'sin w-cos w] ~ 


(5.84) 


O, r 2 22 21/2 

Y (w, 9 ) = i [N -cos 9'sin w-cos w] 


cot 


_ 2 2 2 2 1/2 kd 

[N -cos 9 sin w-cos w] 


(5.85) 


The constants {Pj e , F^ 6 , F^ 6 , F^ e } can be modified in two ways. 

The first approach is the same as in Section C, which is to calculate 

the parameters || ae , £ ho } from Equations (5.71) and (5.72). The second 
approach is to express {? ae . ? ho } in terms of {w ae , wj] 0 } which are the 
roots of (5.82)-(5.83). The latter approach is considered to be more 
accurate. 


228 



PMC Case 


By duality, it follows that 


Ejo U',e\5 ao ) * L*" 3 (♦ , ,w*°) 


cose' P E cz ♦ P“ „ o h C2 


i k,z 

• U(^ a °) • e exp 


• § j t gO ♦ aO\ 

iK(xcosw s + ysmw $ J 


(5.86) 


u sw / ,i a i .he, . swh , . he. 
H ye > 9 ) = L ye (* ,w g ) 


P 1 ^ e Y n E r 7 + P ?c C0se ' H r 7 

IS 0 cz 2s cz 


ik z 

• u(*-* ) • e exp 


iK(xcosw^ e + ysinwj? e ) 


(5.87) 


where 


, swa ao. _ .swh, , ho. , c QQ . 

L y 0 (♦ » w s ) = Lyo (<t> » w s ) (5.88) 

Lye (♦ ,w s ) = L ye (*', w $ ) (5.89) 

P ls = “C 0 ^' + (coswj 0 + cos*') F^° (5.90) 

P 2 ° = -sin*' + s i n ((> ' (cosw®° + cos*') Fg° (5.91) 

pJ® = cos4>' - (cos4>' + coswJ e ) Fg 0 (5.92) 

Pg® = -sin*' + (cos*' + coswj 6 ) fJ° . (5.93) 
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The constants vr , w $ are the roots of the following equations: 

sin w£ e + y" 1 Y e (wJ] e ,9' ) / s i n 0 ' = 0 (5.94) 

sin w*° + e^ 1 y°(w® 0 ,9' )/sin9' = 0 . (5.95) 

Again, the constants {F^°, F^ 0 , Fg°, F^ 0 } can be modified in two ways. 

That is, one can obtain {£ ao , 5 he } from (5.70) and (5.73), or one can 
first express {c ao , S* 16 } in terms of {w a °, w^ 1 ®} which satisfy Equations 
(5.94) and (5.95). 

E. MODIFICATION OF REFLECTED AND DIFFRACTED SURFACE WAVE FIELDS 
(OBLIQUE INCIDENCE) 

Since the expressions for the reflected and diffracted surface wave 
fields are given in terms of {w ae , w^ e , w ao , w^ 0 } only (see Chapter IV), 
it is very simple to modify them. The only modification that is needed 
is to let the constants w ae , w^°, w^ e and w ao be the roots of Equations 
(5.82), (5.83), (5.94) and (5.95), respectively. This is the same 
procedure that was followed in Section B.4 for the special case of 
normal incidence. 
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CHAPTER VI 


THE DIELECTRIC/FERRITE HALF-PLANE PROBLEM 
A. STATEMENT OF THE PROBLEM 

The solutions for the even and odd dielectric/ferrite bisection 
problems were obtained in Chapter V by modifying the solutions of 
Chapters III and IV. As shown in Chapter II, once the even and odd 
bisection problems have been solved, it is very simple to get the 
solution for the dielectric/ferrite half-plane problem depicted in 
Figure 2.1. It is shown in Chapter II that the total field for plane 
wave excitation can be expressed as follows: 

E(p,*,z) = 1/2 E e (p,|<|>|,z) + 1/2 E°(p,U|,z) sign (*) , (6.1) 

0 < 9' < TT 

- TT < $ < TT 

0 < <j>' < u 

H( p,<l>,z) = 1/2 H e (p, | <|>| ,z) + 1/2 H 0 (p,U|,z) sign (+) , (6.2) 

where the angles 4>, <f>' and 9' are shown in Figure 2.1. Note that by 
combining the even and odd solutions, which are restricted to the 
half -space 0 < <j> < rr, their sum turns out to be valid in the entire 
space -ir<<t><ir. As mentioned before, it is assumed that there is only one 
diffracting edge. 
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B. GEOMETRICAL OPTICS FIELD 



u GO, . u -i k pcos (<(>-()> ' ) 1k z z 
Hy (p,+,z) = H cy e VY r e U(tr++-* ) 


R e + D° 

K h +R h 

* H cy -j- e -1kocos(W) e ' z z 


R e R° 

K h R h 

♦ H -5- e -<kpcos(*-*') e ’ z z u(v . ¥ . t) . 

cy c 


To write the GO fields in standard form, i.e., in terms of dyadic 

reflection and transmission coefficients, it is necessary to define a 

"ray-fixed" coordinate system [2,19] which is depicted in Figure 6.1. 

* 

The unit vector n is normal to the surface at the point of incidence, 

A i A r 

s is the incident unit vector, and s is the reflection unit vector 
from the point of reflection to the observation point. The unit vectors 
u # , Uj, and u^ are defined the following way: 
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(6.5) 


u 


i 

« 


A I A A I 

s x (n x s ) 


n x s | 


u 


r 

H 


Ap A Ap 

s x (n x s ) 

A A_ 

|n x s r | 


( 6 . 6 ) 


A A^ A j Ap Ap 

u ± = u n x s = u B x s . (6.7) 

Note that (1) and (() indicate vectors perpendicular and parallel, 
respectively, to the plane of incidence which is the plane containing 

A « A A * A J A 

s 1 and n. The unit vectors (s , uj, u^) define an orthonormal 
coordinate system for the incident and transmitted fields. Likewise, 
the unit vectors (s r , u^, u^) define an orthonormal coordinate system 
for the reflected field. 

It is shown in Appendix K that the fields (Ep’ r , E|’ r , Eg’ r ) can be 
expressed in terms of the Ey ,r and H^’ r fields as follows: 

E 1 '. = 0 (6.8) 

s 1 


E r 

s 


r 


= 0 


E 


i 

n 



A A « 

|n x s 1 | 


E 


i 

1 


n H 1 

o y 

A A * 

|n x s 1 1 


(6.9) 


( 6 . 10 ) 


( 6 . 11 ) 
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( 6 . 12 ) 


n H r 
o y 


* i 

n x s 


E 


r 

« 


E r 

y 

In x s’ | 


(6.13) 


r 

In vector form, the reflected field E can be expressed in terms of 
the dyadic reflection coefficient R such that 



= u L E^ + St Ej - E 1 (QR) 


= i ks* 
R e 


(6.14) 


where s r is the distance from the point of reflection QR to the 
observation point. The incident field E (QR) is given by 

E 1 (QR) = uj E 1 * (QR) + u L E}(QR) (6.15) 


which is evaluated at QR. It is shown in Appendix K that the dyadic 
reflection coefficient can be written the following way: 






(6.16) 


where 


R I + R a 


R = 


R h + < 


R = 


(6.17) 


(6.18) 
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The transmitted field can also be expressed in terms of a dyadic 
transmission coefficient T such that 

.t 


^(sM = u ± + u 1 , E^j = E (QR) -T e lks ' 


(6.19) 


where s is the distance from the point of incidence QR to the point of 
observation and 


~ A i i T n . A A T i 
T = u. u. T + u.u,T 
« n 11 


( 6 . 20 ) 


where 


n 

T = 


R 1-^ 


( 6 . 21 ) 




T 1 - 


( 6 . 22 ) 


The reflection coefficients R , R and the transmission 

coefficients T* t T 1 are depicted in Figures 6.2 - 6.5, respectively, for 

five different combinations of e„ and y : 

r r 


(1) e p = 2. (l.+i 0.05) 

(2) e p = 3. ( l.+i 0. ) 

(3) e p = 3.(l.+i0.1) 

(4) e r = 3. (l.+i 0.05) 

(5) e p = 4 . ( 1 . +i 0 . 1 ) 


y p = 1.(1. +i0.) 

Up = 1.(1. +10.) 

u r = 2. (l.+i 0.1) 
Up = 4. (l.+i 0.05) 
Up = 4. (l.+i 0.1) 


In all five cases, 9 '=tt/ 6 and d=0.005X. 
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Magnitude of Reflection Coefficient R* 
Figure 6.2. Reflection coefficient of R*. 
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o 



Magnitude of Reflection Coefficient R 1 
Figure 6.3. Reflection Coefficient R 1 . 
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ANGLE OF INCIDENCE (DEG) 
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Figure 6.3. (continued) 
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Figure 6.4. Transmission Coefficient T . 
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Figure 6.4. (continued). 
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Figure 6.5. Transmission Coefficient T 1 . 
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C. DIFFRACTED FIELD 


The diffracted and E^ fields for the dielectric/ferrite 
half-plane can be obtained by adding the even and odd solutions and then 
dividing by 2, that is 

E^( p,<t>,z) = 7 E^(p,|*|,z) + \ Ej°(p,|*| t z) signU), -*<♦<* (6.23) 


p»4>»z) 


1 

1 


ide, 


H^(p,U| ,z) + i hJ°(p,U|,z) si gn (<|>)» (6.24) 


In order to express the diffracted field in terms of a dyadic 
diffraction coefficient, it is necessary to define a suitable coordinate 


System. 


M 1 1 f Uaf f rAprArt rnnpHi naf a 

L X 4. J U I I U C U 1C. WO i I WWW wool OlilViOV. 


c\/c +■ am 1 c 

•J J ^ VrV.ni • J 


the ray-fixed coordinate system depicted in Figure 6.6. The plane of 
incidence for edge diffraction, which is simply referred to as the 
edge-fixed plane of incidence, contains the incident ray and the unit 

A 

vector e tangent to the edge at the point of diffraction QE. The plane 

* * • 
of diffraction contains e and the diffracted ray. The unit vectors 0 Q 

A 

and which are parallel to the edge-fixed plane of incidence and the 
plane of diffraction, respectively, are given by 


A I 



A I A A I 

s x (e x s ) 


e x s | 


(6.25) 


A A A 

-s x (e x s) 

A A 

|e x s| 


(6.26) 
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PLANE OF DIFFRACTION 



Figure 6.6. Ray fixed coordinate system used for 3D diffraction. 
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where the unit vector s is in the direction of incidence, and the unit 

A A I A 

vector s is in the direction of diffraction. The unit vectors <fr and f 
which are perpendicular to the edge-fixed plane of incidence and the 
plane of diffraction, respectively, are defined as follows: 


A I A I A I 

♦ = x s (6.27) 

<f> = x s . (6.28) 


It is shown in Appendix L that 
.i 


E V- 


-% h ; 


E °; 


sine 


(6.29) 


(6.30) 


E 


i 

s' 


= 0 


(6.31) 


e; = 0 


nH d 
o z 


E, = 


sins 



(6.32) 

(6.33) 

(6.34) 
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Rewriting the diffracted field in terms of the dyadic diffraction 
coefficient D, one gets 

e iks 

E d (s) = *E d + $ E d = E 1 (OE) • 6 (6.35) 

* 0 e o /s 

where s is the distance from the point of diffraction (OE) to the 
observation point, and 


E(QE) = ♦' eJ,(QE) + i' Q E^, (OE) 


(6.36) 


As shown in Appendix L, the dyadic diffraction coefficient can be 
written as follows: 


D = (f> 4> D 


hi 


A I A 
? 0 


I AJ 

_ ,' d 
0 


8- * O h2 - ♦ S 0 C0SS 0 D a2 + 6 0 8 0 D al 


A I A A. J 


(6.37) 


where 




3je(|*l. + S5i(|4|,* , ,e , )s1gn* 


zo' 


1 = 1,2 

(6.38) 


5 a , 8 ') * \ 


D^d+I’*'' 9 ') + 5 zo< 


»9')sign* 


1 = 1,2 

(6.39) 


Note that the diffraction coefficients {D*^, D^o’ D ze* D zo^i=l are 
defined in Equations (L.31)-(L.49) in Appendix L. Furthermore, the 

I 

angle of diffraction is equal to the angle as predicted by 
Keller's law of edge edge diffraction. [11]. The latter can be expressed 
mathematically as 


A I A A A 

s • e = s • e . (6.40) 
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Equation (6.40) is used to find the point of diffraction QE for a given 

A 

point of observation away from the edge and a unit vector s'. In some 
cases this must be done by a computer search procedure as shown in [48], 

D. SURFACE WAVE FIELD EXCITED BY A PLANE WAVE (OBLIQUE INCIDENCE) 

As mentioned in Chapter V, the parameters of the dielectric/ferrite 
half-plane are adjusted such that only the lowest order even mode can 
exist. This implies that only the fields E^ and given in Equations 
(5.74) and (5.87), respectively, are allowed to exist. Therefore, the 

tntal cu rf arp wax/p fiplrl ran ho ovnroccoH ac 

V V V ^ 1 NW I I W* W W *9 V W » • V- I u WV4( I w w 1 v. wu ug 

Ey w (lyl.4.,'9 1 ) , |y|>f (6.41) 

Hy W -7H“ (lyl.+.’e') , |y|>7 . (6.42) 

In general, the TE^ and TM^ fields have different propagation and 

attenuation constants. Thus, assuming Q is the point where the surface 

waves are launched, they will propagate in different directions as shown 

a h 1 

in Figure 6.7. Note that $ and B. are always bigger than B_. However, 

W W 0 

a h 

& w can be larger or smaller than 0” depending on the parameters of the 
dielectric/ferrite half-plane. 
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cu C W 

Figure 6.7. Edge excited surface waves E^ and where 

•; < <. < < c 


It can be shown that, for a given point of observation and unit 

A 

vector s', one can determine the point Q and the relationship between 

w 

1 w 

the angles and S from the following equation: 

A A 

A A Ay A s * e , 

s • e = s • e = 2 I T "2 2 i /2 (6.43) 

p [cosh (w sI ) - (s' -e) sinh (w sI ) ] 

where w $ j is the imaginary part of w $ . The unit vector Sp is in the 
direction of propagation of the surface wave fields from the point Q w , 

A 

and s is the unit vector in the direction from the point Q w to the point 
of observation. That is, 


w 


:w 

s - p_ 
p p 


W 

sin B + e cos $ 


w 


(6.44) 
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(6.45) 


A A u A y 

s = p sin 0 + e cos 0 
Pp = x cos w gr + y sin w $r , * < w sp < 3ir/2 (6.46) 

A A A 

p = x cos«|» + y sin $ (6.47) 

where w gr is the real part of w $ . 

Note that the expressions in Equations (6.41) and (6.42) are valid 
outside the dielectric/ferrite medium. 


E. REFLECTED SURFACE WAVE (OBLIQUE INCIDENCE) 

As in Section D, only the even reflected surface wave field can 
propagate in the dielectric/ferrite half-plane. The total E^ sw and Hy SW 

J J 

fields are given by 

Ey SW = E™ w (!*!,w* e ,e') , -W < <M * (6.48) 


u rsw u rsw 
H y = H ye 


d+l.w^.e') 


-ir < <j> < it 


(6.49) 


where E^g W and H^g W were defined in Equations (4.162) and (4.184), 
respectively. Furthermore, w® e and wj? e are the roots of Equations 
(5.82) and (5.94), respectively. It follows from either (4.162) or 
(4.184) that the propagation and attenuation vectors for the incident 
and reflected surface wave fields are given by 



+ i k 


wi 



(6.50) 
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s a = X sin w sr - y cos w gr . (6.57) 

I 

The angle is depicted in Figure 6.8. It is easy to conclude by 
studying Equations (6. 52)-(6.57) that the angle of incidence is equal 
to the angle of reflection such that 

(-Sp 1 ) • (-x) = cos 9 W = -cos w sp sin 6 Q = s^ • (-x) (6.58) 

I 

where the angle of incidence 9 is depicted in Figure 6.8. It follows 

w 

from (6.58) that 

9 w = arccos C-cos(w sr ) sin f^] , * < w sp < 3ir/2 (6.59) 

0 < 9' < ir/2 

w 
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Figure 6.8. Reflected surface wave field. 
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F. DIFFRACTED SURFACE WAVE (OBLIQUE INCIDENCE) 

The E and H diffracted surface wave fields for the 

y y 

dielectric/ferrite half-plane can be expressed as follows: 

Ey SW (p,4>,z) = Eyg SW (p, | <|>| ,z) + EyQ SW ( P» I <H »z) sign( 4 >) , -it < <|> < ir 

(6.60) 


Hy SW (p,«i»,z) = H y g SW (p.U|,z) + H y jj sw (p,l*|,z) si gn ( <►) ,-»<♦<» 

(6.61) 


where {Ey* w , E^ w , Hy* w , Hy^ w } are given by Equations (4. 163), (4. 181) , 
(4.185), and (4.167), respectively, with the modifications indicated in 
Section E of Chapter V. 

An equation similar to (6.43) can also be obtained for this case. 
It is easy to show that 


• e 


(cosh w $I ) (Sp 1 • e) 


(1 + (s 


wi 


-2 2 1/2 
e) (sinh w $I )J 


(6.62) 


A J 

where s a is the unit vector in the direction from Q to the observation 

W 

point, as depicted in Figure 6.9. 
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G. LINE SOURCE EXCITATION 


Consider the geometry illustrated in Figure 6.10 showing a line 
source radiating in the presence of a dielectric/ferrite half-plane. It 
is assumed that the line source is far enough from the edge so its field 
can be represented by a cylindrical wave. The total field at the 
observation point (P) can be expressed as the sum of the incident, 
reflected, transmitted, diffracted and surface wave fields such that 

u(p,<fr) = uVp,*) + u r (p,*) + u d (p,<|>) + u sw (p,d>) . (6.63) 

Note that u represents the electric field if an electric line source is 
used, or the magnetic field, if a magnetic line source is present. 


REGION a 



Figure 6.10. Line Source Excitation 
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Using the same notation as in [2], the individual terms in (6.63) may 
be expressed as follows: 


u 1 (P) 


.Iks 1 




Regions I and II 
Region III, 


(6.64) 


u r (P) 


iks 


>o R 


u"(P) = 




iks 1 

l r— — 

0 


and 


u d (p,4»)=u 1 (QE) 


Region I 

Region II and III, 

Region III 
Regions I and II, 


(6.65) 


( 6 . 66 ) 


7 (Ul,*') + \ D^( | <)>| , 4> ' ) si n ( 4>) 


ikp 


rz 


\ -TT<<J><7T 


(6.67) 


■j p 

where s is the distance from the source to the observation point and s r 
is the distance from the image point to the observation point. The 
diffraction coefficients 5^ and are given in Equations (5.46) and 
(5.47), respectively, except that the L parameter becomes [11] 
s' p 

l =~ p • ( 6 * 68 ) 
where s' is the distance from the source point to QE. 
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The incident field evaluated at QE is 
g iks' 

u1 (° E ) = l 0 ~7s^ (6,69) 

where I Q is an arbitrary constant. 

The reflection and transmission coefficients are given by 

R = \ [R e (a) + R° (a)] (6.70) 

f = \ [R e (a) - R° (a)] (6.71) 

where R e and R° are defined in (5.16) and (5.20), respectively, for an 

/>.0 

electric line source. If the source is a magnetic line source, R and 

R° are defined in (5.17) and (5.21), respectively. 

Since it is assumed that only the lowest order even mode can 

sw 

propagate in the half-plane, u is equal to 

u SW (x,y) =7u i (QE) L^U’.w®) exp [ik(xcosw® + |y|sinw|)] U(<|>-$®), 

d 

ly I > 2 (6.72) 

s w 

where L zg is defined in (5.52). 

In Chapter VIII, where a dielectric/ferrite slab is considered, the 
fields excited by the geometry illustrated in Figure 6.11 will also be 
needed. As shown in [21,49], the total field is the sum of the 
incident, reflected, transmitted, surface wave, and leaky wave fields. 
The last two fields are pole wave contributions, so they will exist only 
if the poles are captured when the original contour of integration is 
deformed to the steepest descent path in evaluating the integral 
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representation for u. The surface wave field (lowest order even mode) 
outside the dielectric/ferrite medium can be expressed as follows: 


.sw 


(x,y) 


= 2ir1 e iir/4 I F(wJ 


O 'S' 


exp 


ik[(|y|+h-d) sinw ± xcosw ] 


|y| >7 (6.73) 


where 


sinw $ +i 


-1 




y(w s ) tan[y(w s ) kd/2^ 


F(w s ) = 


cosw $ - i 

v r 

kdsin(2w g ) 

tan[Y(w )kd/2] 

s 2 



4 

r(w s ) kd/2 + sec CY(w s )kd/2] 


(6.74) 


and 


2 2 1/2 
y(w ) = (N - cos w ) 


(6.75) 


y 



Figure 6.11. Surface waves excited by a line source above a 
dielectric/ferrite slab. 
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CHAPTER VII 


MOMENT METHOD 

It is crucial to ascertain the validity of the UTD solutions 
presented in the previous chapters. The geometry used to test the 
validity of these UTD ray solutions is a dielectric slab of finite 
width, which can be excited by a line source or an obliquely incident 
plane wave because the latter goemetry can be analyzed via the moment 
method. A brief description of the development of the moment method 
solution to this problem will be given in this chapter. For a more 
general and complete treatment of this method refer to [50], 

The technique employed here is an extension of the one developed by 
Richmond [51,52] for the case where the incident field is normally 
incident to the edges of the slab. In the more general case of oblique 
incidence (plane wave excitation) the problem is more complicated, but 
the solution proceeds in a similar manner. The dielectric material is 
assumed to be linear, isotropic, nonmagnetic (u=Uo)> an< ^ homogeneous 
( e=constant) . 
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This technique is based on the integral equation for the total 
field excited by a source in the presence of the dielectric slab 
[51,52]. 

Assume that the field (E , H ) is incident on a dielectric material 

as depicted in Figure 7.1. Let (E,H) represent the total field; that 

is, the field excited by the incident field in the presence of the 

dielectric object. The difference between the total and incident fields 

-*> + s 

is usually referred to as the scattered field (E ,H ). Thus, 

E = E 1 + E s (7.1) 

H = H 1 + H S . (7.2) 



+i 

Figure 7.1. Plane wave (E ,H ) incident on a dielectric object. 
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It is assuemd that the medium exterior to the dielectric obstacle is 
free space. It follows from Maxwell's equations that the scattered 
field (E s , H s ) may be considered as the field generated by an equivalent 
electric current J radiating in unbounded free space, where 

J = -1iu(e-e 0 ) E = -1kY 0 (e p -l) E (7.3) 

and u) is the angular frequency. This current is usually referred to as 
the volume polarization current. 

The dielectric slab in this problem is a two-dimensional object, 
and since the incident field has an e variation, the 

polarization current and scattered field will also have the same 

-i k toq fl ^ 7 

variation along the z-axis. Except for the e factor, this 

problem is still considered a two-dimensional problem. 

The scattered field E can be expressed in terms of the electric 
dyadic Green's function as follows [53]: 

= + 

-*• > n * t • J 

E s ( p)= ikn Q Lim J g° • J dA' + (7.4) 

5*0 a j _A 5 0 

where Aj and A g are depicted in Figure 7.2. The area A fi , which excludes 
the singularity of g° is called the "principal area". It becomes 
infinitesimally small in the limit as its maximum chord length 6 
approaches zero. Since the value of l and the integral in (7.4) depend 
on the geometry of A^ [53], the area A^ is assumed to be a circle here. 
The electric dyadic Green's function is given by 

9e = 7T U + ^2 VV) H q ( 1 ) (K|p-p' |) , p * p' (7.5) 
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A » A d 



Figure 7.2. Polarization current J replaces dielectric object. 


where 

— A A A A A A 


I =xx+yy+zz 

(7.6) 

K = ksine' 

(7.7) 

A 8 A 3 A I 

(7.8) 

Substituting (7.3) and (7.4) into (7.1) yields 


E(p) - k 2 (e-l) Lim / g° • E(p a )dA a + (e -1) 1 

6.0 Aj-A/. 

• E (p) « E 1 (p) 
(7.9) 

where the dyadic term l is equal to [53] 


1 A A A A 

l = 7 (X X + y y) 

(7.10) 
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when A. is a circle. The integral Equation (7.9) is solved numerically 

O 

using the moment method. 

The first step in the solution of (7.9) is to divide the dielectric 

slab into square cells (see Figure 7.3) small enough so that the 

electric field intensity is nearly uniform in each cell. This is 

, ♦ , N 

equivalent to choosing the pulse functions {fp ( p 1 } n= ^ as the basis 
functions. That is, let 

Up 1 ) = l E f n (p') , p = x,y,z (7.11) 

H n=l 

where 

f (p') = 1 in ce11 n (7.12) 

n 0 elsewhere 

and {Ep n } are unknown coefficients. 

y 



Figure 7.3, Dielectric slab divided into square cells. 



r i N 

In order to obtain a system of linear equations to solve for l E p n } n -p 
it is necessary to define a set of testing functions. Here, the Dirac 
"delta" functions {5(x-x n )6(y-y n } n _j are choosen as the testing 
functions. This is equivalent to enforcing the condition that at the 
center of each square cell, the total field must be equal to the sum of 
the incident and scattered fields. 

Substituting (7.11) and the testing functions into (7.9) and 

i. L 

enforcing Equation (7.9) at the center of each m cell, the following 
set of 3N simultaneous equations with 3N unknowns is obtained: 


n 

^ ^mn ^xn + ^mn ^yn + Sim ~ ^xm » m = 1,2,...,N (7.13) 


N — ± 


* I'mn E x„ + P mn E y n + F n,n E Z n> ‘ E y„ , * * l - 2 N < 7 ‘ 14 > 


n=l 


", < C n,n E xn + E mn E yn + E Z n> ’ E L , ■ ‘ (7.15) 

n=l J 


where for m * n 

A nm ' A mn = E ‘ <My m -y„) 2 


E z 2 > 

+ J 


(7.16) 


B mn ' B nm = t ( x m -x n ) (y m -y „ ) C 2H< 1 ’ ( K p) - KpH^W)]} (7.17) 

C mn * *' H k z <V*»> ■ ' C nm < 7 - 18 > 
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p _ = R' 

mn 


Kp( V x n )2H o 1)(Kp) + 


r m 




,2 3 

k , P 


+ ht“ H i 1) " Ci> > 


= P 


nm 


(7.19) 


F mn " K ' 


- 1k i <V y n> p 2 h( 1) 0<p) 


-F. 


nm 


(7.20) 


M mp = K' p\ H^ 1 } (Kp) = M, 


nm 


(7.21) 


R* = -iiraJ 1 (Ka)(e r -l)/(2p ) 


(7.22) 


( x n-x m ) + (y«-y m ) 

x n m' u n ''m 


1/2 


(7.23) 


For m = n 


®mm " ^mm ” F mm 


M mm = 1 - 1 (V 1 )/ 2 


irKa h| ! ^ (Ka) + 2i 


(7.24) 

(7.25) 


V 1 i(e p -l) 


P = A = 1 + 0 
mm mm 2 


irKa H|^(Ka) + 2i 


2k' 2 
!+ — 


(7.26) 
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Note that it is not possible to obtain a closed form result for the 
integral of the Hankel function over a square cell. However, a simple 
solution is available if the region of integration is a circle [51] . It 
has been shown [51] that the error in approximating square cells with 
circular cells of the same cross section area as shown in Figure 7.4 is 
very small . 

Once the 3N simultaneous equations are obtained, they can be solved 
with the aid of a digital computer to evaluate the electric field at the 
center of each cell. Note that by inserting the appropriate equations 
for the incident field, one obtains solutions for any two-dimensional 
source (line source, array of line sources, plane wave) in the presence 
of the dielectric slab. Furthermore, the solution approaches the exact 
solution if a sufficiently large number of cells are employed [51]. 


^ *m » Ym^ 

m»h CELL 


Figure 7.4. Square cell is replaced by a circular cell of the same 
area. 
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Assuming that the simultaneous equations have been solved, the 
scattered fields and are given by 

E*(p,4>,z) = i(e p -l) (-iri/2) 1 /2 (Ka)J j(Ka) 


N 


•l 

n=l 



(k‘ / K)(Po / P n )[( cos * - x n /p 0 )E xn + (sin* - Y n /P 0 )E yn ] 


• exp(iKp n +ik^z)/(Kp n ) 1/2 (7.27) 


H*(p,*,z) = -1Y 0 (-iri/2) 1/2 (ka)J 1 (Ka) ( e p -l ) 


N 

•) (p /p ) 

n=l 


(sin* - y n /P 0 )E xn 


< cos » - V p o )E yn 


exp(iKp n + ik^z) 


(Kp n ) 1/2 


(7.28) 


where 

2 2 1/2 „ , 

p n = C(x-x n ) + (y - y n ) ] , p 0 = (x 2 + y 2 ) 1/2 . (7.29) 

As mentioned by Richmond [52], in order to obtain accurate results, 

the dimensions of each cell should not exceed 
c 0.2 



where c was defined in Figure 7.4. 
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To calculate the elements of the impedance matrix, it is necessary 
to evaluate the following two integrals: 





a 

Lim J 
b+0 5 


2ir 


i 

0 


H^W) 


p'dp' d<fr' 


, a > 0 


(7.31) 


a 

- J 

0 


2ir 


i 

0 


H^^(K|p-p' | ) p' dp' dy 


< a < p 


(7.32) 


By using the integral tables in [54], the integral in (7.31) can be 
easily evaluated. One gets 

<* 2 m \ 

[it Ka Hj i; (Ka) + 2i] , a>0 . (7.33) 


The integral in (7.32) can be evaluated by first using the addition 
theorem for the function H^(K|p-p'|), and then integrating term by 
term. After some simplification, one obtains 


2ira 


i(D 


l 2 = ~ J x (Ka) ; (Kp) , a < p 


(7.34) 
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CHAPTER VIII 


RESULTS AND DISCUSSION 


As stated in the previous chapter, it is important to ascertain the 
validity of the UTD solutions developed in Chapters III through VI. The 
dielectric/ferrite strip geometry shown in Figures 8.1 and 8.2 has been 
choosen for this purpose. The fields scattered by the strip are then 
calculated using the UTD solutions as well as the corresponding MM 
solutions discussed in the previous chapter. The results obtained by 
these two distinct methods are shown to agree very closely, which gives 
a good indication of the accuracy of the new UTD results. 

The scattering and diffraction of an object which is large in terms 
of a wavelength is essentially a local phenomenon associated with 
specific parts of the object [6,7,8,10,59]. Therefore, the UTD results 
obtained for the dielectric/ferrite half-plane can be used to analyze 
the strip as long as the width of the strip is generally more than about 
one wavelength [10], 
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Figure 8.1. Plane 




Figure 8.2. Line source excitation. 

The total field at a point of observation (P) is equal to the 
superposition of the following field components as depicted in Figure 

8 . 3 . 

(I) Direct field from the source 

(II) Reflected field from the finite dielectric/ferrite strip 

(III) Transmitted field through the finite dielectric/ferrite strip 

(IV) Edge Diffracted fields from both edges of the strip 

(V) Edge diffracted surface waves 

(VI) Reflected surface waves which are subsequently diffracted by 
the opposite edges of the strip. 

If additional terms are needed, one can add them to the solution; 
however, as will be shown in the examples, the six field components 
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(IV) Edge Diffracted Field 
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(V) Edge Diffracted Surface Wave 



OBSERVATION 



(VI) Reflected surface waves which are subsequently 
diffracted by the opposite edges of the strip. 


Figure 8.3. Field components that contribute to the total field at the 
observation point. 
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listed above are more than sufficient for the problems considered here. 
Because the total field is obtained from the superposition of the 
various field components listed above, UTD provides a very valuable 
physical insight into the radiation and scattering mechanisms involved. 
Furthermore, the UTD solutions for the problems developed here (Figures 
1.2 and 1.3) serve to extend the applicability of the UTD method to 
analyze the radiation and scattering by complex structures containing 
dielectric/ferrite panels. It is noted that UTD can solve high 
frequency radiation and scattering problems (for which exact analytical 
solutions are not available) once the pertinent UTD diffraction 
coefficients are known for that problem. 

In order to provide a more stringent test on the validity of the 
results obtained here, the scattered field is calculated instead of the 
total field. The reason for this is that the direct source field is 
usually much stronger than the other field components and could possibly 
conceal errors in the scattered field. 

The scattered fields (E S ,H S ) are easily obtained from the total 
fields (£,fr) as follows: 

E s = E - E 1 (8.1) 

H S = H - H 1 (8.2) 

where the fields liand F^are the incident electric and magnetic fields, 

respectively, in the absence of the dielectric/ferrite strip. Most of 

the results shown here will be the scattered fields, except for a few 
results where the total field will be calculated. 
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All the patterns shown here are calculated in the x-y plane shown 
in Figures 8.1 and 8.2 where the point of observation (P), which is at a 
distance p from the origin, rotates clockwise from 4>=0 to <|>=2ir. Note 
that for the case of oblique incidence (9'+Tr/2, plane wave excitation), 
the field evaluated at a given x-y plane (z=z q ), differs from the 
field evaluated at another x-y plane (z=z^) by the factor 
exp(-ikcos9' (z^-z Q )). For the case of line source excitation depicted 
in Figure 8.2, the distance from the origin to the line source is p'. 

The dielectric/ferrite strip has a width t, thickness d, with a 
relative permittivity e p , and relative permeability u r . Throughout this 
chapter, unless otherwise stated, only the magnitude of the calculated 
fields will be plotted. As mentioned before, a heuristic approach was 
suggested by Burnside [2] to solve the dielectric strip problem by 
modifying the solution of the perfectly conducting half-plane. This 
heuristic solution does not include surface waves, reflected surface 
waves, or diffracted surface waves. This solution will be referred to 
as the old UTD solution. Figures 8. 4-8. 6 depict the total field of a 
line source in the presence of a lossless dielectric strip computed by 
three different methods. Note that new UTD solutions developed in this 
study are the ones that were obtained by modifying the impedance 
bisection solutions using the "second approach". That is, the GO fields 
are the exact fields, while the diffracted fields were obtained by 
heuristical ly modifying the impedance half -plane diffracted fields using 
the UTD recipe. Furthermore, the surface wave reflected and diffracted 
fields were obtained from the impedance bisection solutions by replacing 
the impedance surface wave propagation and attenuation constants by the 
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Figure 8.4. Magnitude of the total H z field for the geometry shown in 
Figure 8.2. (a) 4>'=90°, p'=lX. (b) <J>'=30°, p'=2\. 
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Figure 8.5 # Magnitude of the total H z field for the geometry shown in 
Figure 8.2. 
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Figure 8.6. Magnitude of the E field for the geometry shown in Figure 8.2 


more accurate corresponding exact coefficients for the grounded 
dielectric/ferrite slab. 

It is obvious from Figures 8. 4-8. 6, that there is better agreement 
between the new UTD and MM solutions than between the old UTD and MM 
solutions. In Figures 8.4b-8.6a, where the angle of incidence is either 
30 or 10 degrees, there is a big improvement with the new UTD solutions, 
especially around 180 degrees, where the diffracted surface waves play 
an important role. However, even in Figure 8.4a, where the diffracted 
surface wave is not important, because the angle of incidence is 90 
degrees, the new UTD solution seems to agree more closely with the MM 
solution. This means that not only is there an improvement in the new 
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the new UTD edge diffraction coefficients also provide more accurate 
results than the old ones. In Figure 8.6b where the electric line 
source is only 0.25X away from the middle of the slab, there is a big 
disagreement between the old UTD and MM solutions, especially around 0 
and 180 degrees. The reason for this disagreement is that the line 
source excites two surface waves which travel in opposite directions 
toward the edges of the strip (see Figure 6.11) where they are 
diffracted. Since the amplitude of the surface wave is inversely 
proportional to the distance of the line source from the strip, these 
surface wave contributions become important for p'=0.25X. Since the new 
UTD solution includes these contributions, it agrees very well with the 
MM solution as shown in Figure 8.6b. 

In Figures 8.7a-8.8a, the total field of a magnetic line source is 
depicted for increasing values of the electric loss tangent, and for the 
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Figure 8.7. Magnitude of the total H field for the geometry shown in 
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Figure 8.8. Magnitude of the total H field for the geometry shown in 




case where the angle of incidence is 15 degrees. In Figures 8.8b-8.9b, 
the angle of incidence is 10 degrees, and still there is very good 
agreement between the new UTD and MM solutions. Figures 8.10a-8.13b 
show the total field of an electric line source for different values of 
the electric loss tangent, angle of incidence, and length of the strip. 

As the angle of incidence becomes smaller, the diffracted surface 
waves become significant. For example, in Figure 8.13a, the total field 
of an electric line source is depicted without the diffracted surface 
wave fields. Since the angle of incidence is only 1 degree, the new UTD 
solution without the above surface wave contribution is not very 
accurate, epecially around 180 degrees where the diffracted surface wave 
is important. When the diffracted surface wave is added, the two 
solutions agree very well everywhere, except near 180 degrees as 
illustrated in Figure 8.13b. When the angle of incidence becomes 
smaller, not only does the diffracted surface wave become important, but 
the doubly edge diffracted field also becomes significant. The doubly 
edge diffracted field is the field diffracted from the second edge after 
being diffracted by the first one as depicted in Figure 8.14. This 
field diffracted by the first edge at near grazing angles of incidence, 
which is then incident on the second edge, is in general not a ray 
optical field. Consequently, its diffraction by the second edge must be 
handled carefully near the forward scatter direction. The present UTD 
solution does not include this doubly edge diffracted term; however, it 
will be added in the future. It can be shown [55] that as the length of 
the strip increases, this doubly edge diffracted field becomes less 
important. 
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Figure 8.9. Magnitude of the total H field for the geometry shown in 
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Figure 8.10. Magnitude of the total E field for the geometry shown in 
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Figure 8.11. Magnitude of the total E field for the geometry shown in 
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8.2. (a) Without diffracted surface wave, (b) Field components 
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Figure 8.14. Doubly Edge Diffracted Field. 


Even though there is an improvement when the diffracted surface wave is 
added, the agreement between the UTD and MM solution is not perfect due 
to the absence of the doubly edge diffracted field. In Figure 8.15a, 
the dielectric strip becomes lossy and the diffracted surface wave 
becomes less important. However, the doubly edge diffracted field is 
still important, and its absence causes the disagreement between the new 
UTD and MM solutions around 180 degrees. Additional plots are depicted 
in Figures 8.15b through 8.17b for three different lengths of the 
dielectric strip. 
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Figure 8.15 Magnitude of the total E field for the geometry shown in 
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8.16. Magnitude of the total E field for the geometry shown in 
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(a) Without diffracted surface wave, (b) Field components V and VI 



So far, the total field of a line source in the presence of the 

strip has been calculated for various angles of incidence. It is 

obvious that the incident field is the dominant term, and in order to 

very carefully test the accuracy of the new UTD solutions, the scattered 

field should be calculated instead of the total field. From now on, 

only the scattered fields will be shown, unless otherwise stated. The 

electric scattered field E and the magnetic scattered field H were 

defined in Equations (8.1) and (8.2), respectively. Note that the 

incident fields defined in these equations are the fields that would 

exist in the absence of the strip. 

Figures 8.18a and 8.18b depict the field scattered by a dielectric 

strip for an E^-polarized incident plane wave where 4> 1 =65° and 9'=45°. 
s 

The scattered E z field is shown in Figure 8.18a. Since 9'*90°, there is 

coupling between the E z and H z fields. Figure 8.18b shows the n Q H z 

field, which as expected, is not zero. Figures 8.19a and 8.19b depict 

the scattered h| and Y Q E Z fields, respectively. The incident field is 

H^-pol arized , where 1 =65° and 9'=45°. Again, since 9'*90°, there is 

s s 

coupling between the H z and E z fields. Figures 8.20-8.25 show 
additional examples where 9 '+90°. 

Figures 8.26a and 8.26b depict the field scattered by a strip 
where the line source is at a distance of 7X and 15X, respectively, from 
the center of the strip. Figure 8.27a shows the field scattered by a 
dielectric strip of length 5X and e p =5.0+i0.5, u r =1.0. The source is a 
magnetic line source located at a distance of 15X from the origin. In 
the Figure 8.27b the source is also a magnetic line source, however, the 
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Figure 8.18. Magnitude of the scattered E z and H z fields for an E z -polarized 
plane wave incident on the geometry shown in Figure 8.1. 



ORIGINAL PAGE IS 
OF POOR QUALITY 



294 


plane wave incident on the geometry shown in Figure 8.1 







NORMAL I 



296 


e of the scattered H* and E* fields for an u -polarized 
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plane wave incident on the geometry shown in Figure 8.1 
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Figure 8.24 # Magnitude of the scattered E* and H* fields for an E z -polarized 
plane wave incident on the geometry shown in Figure 8.1. 
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Figure 8.25 # Magnitude of the scattered h| and fields for an H^-polarized 
plane wave incident on the geometry shown in Figure 8.1. 
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strip is a ferrite with u r =3.0+i0.3, e r =1.0. The length of the strip is 
£=5X and its thickness d=0.lX. Figures 8.28a and 8.28b depict the H*- 
scattered field where the incident field is a H^-polarized plane wave. 
The values of and 0' are 45 and 90 degrees, respectively, and as 
expected, in both cases the field E z is zero. 

Figures 8.29a through 8.29c show the E^-field scattered by a 
dielectric strip for increasing values of the electric loss tangent. 

The incident field here is an E^-polarized plane wave where $'=90° and 
0'=9O°. 

As mentioned several times already, the total or scattered field 
can be obtained by adding the different terms depicted in Figure 8.3. 

In other words, UTD is a method in which rays are employed in a 
systematic way to obtain the field at a given observation point. For 
example in Figure 8.30a, there is an E^-polarized plane wave, incident 
on a lossy dielectric strip where the angle of incidence <fr' is 45 
degrees and 0'=9O degrees. In order to obtain the total field, the 
first four terms shown in Figure 8.3 are added together. Next, the 
scattered E^-field which is shown in Figure 8.30a has been obtained by 
subtracting the unperturbed incident field E^ from the total field. It 
is obvious by observing Figure 8.30a that the agreement between the UTD 
and MM solutions is not good. Thus, the next step is to add more terms 
to the UTD solution. The field obtained by adding the diffracted 
surface wave (field component V) Pl us the diffracted-reflected surface 
wave (field component VI) is shown in Figure 8.30b. Note that this 
field is important in the regions around 0 and 180 degrees, which is 
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depicted in Figure 8.1 (normal incidence). 
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surface wave, (b) diffracted surface wave E^ sw (field 



where the UTD and MM solutions disagree. Adding the V and VI terms to 
the scattered field one obtains the field shown in Figure 8.31. As 
expected, the agreement between the new scattered field and the MM 
solution is much better when the various diffracted surface waves are 
added. Additional results where the diffracted surface wave is 
important are shown in Figures 8.32 through 8.44 for both, normal and 
oblique (on the edge) angles of incidence. Note that the strength of 
the surface wave excited by a line source radiating above a dielectric 
slab is inversely proportional to the distance of the line source from 
the slab (see Figure 6.11) as indicated by the results depicted in 
Figures 4.41 through 4.44. 

As stated before, the diffracted surface wave is important as long 
as the dielectric strip is lossless and the incident field is near 
grazing. In Figure 8.45a the scattered field of a lossless strip of 
length fc=10X is shown where the source is an -polarized plane wave 
with <t>'=l° and 0'=9O°. The many sidelobes of the field are due to the 
interaction between the edge diffracted and diffracted surface wave 
fields. When the strip becomes lossy (tan 6 g =0.25) , the diffracted 
surface wave becomes insignificant and the scattered field shown in 
Figure 8.45b is mostly the contribution from the edge diffracted fields. 
The agreement between the UTD and MM solutions is good except in the 
region around 180 degrees where the doubly diffracted field is 
important, but it has not been included here. One additional example is 
shown in Figures 8.46a and 8.46b where the electric line source is 20X 
from the origin, t=16X and V=l°. 
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Figure 8.31. 


Magnitude of the scattered field with the diffracted 
surface wave field E^ sw included (see Figure 8.30). 
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(a) Scattered field E* without diffracted surface wave, 

(b) Diffracted surface wave field E^ sw (field component V). 
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Figure 8.33. Magnitude of the field E z for the geometry depicted in Figure 8.2 

(a) Scattered field E z with field component V included, 

(b) Diffracted surface wave field E^ sw (field component VI). 
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Figure 8.34. Magnitude of the field E z for the geometry depicted in Figure 8.2. 

(a) Diffracted surface wave field E z sw (field components V+VI), 

(b) Scattered field E^ with the field components V and VI included. 
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Figure 8.35. Magnitude of the scattered E^ and fields for an E^-polarized plane 
wave incident on the geometry shown in Figure 8.1. The diffracted 
surface wave is not included in the solution. 
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incident on the geometry shown in Figure 8.1 
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polarized plane wave. The diffracted surface wave field 
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(a) Scattered E* field without the diffracted surface wave field, 

(b) Diffracted surface wave field E^ sw (see Figure 6,11) 
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Figure 8.42. Magnitude of the scattered E* field with the diffracted 
surface wave field E^ sw included (see Figure 8.41). 
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8.44. Magnitude of the scattered H* field with the diffracted 

dsw 

surface wave field H z included (see Figure 8.43). 
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depicted in Figure 8.1 (normal incidence) 
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Figure 8.46. Magnitude of the scattered field for the geometry 
depicted in Figure 8.2. (a) e =4.+i0., (b) e =4.+il. 


In Chapter II, when the dielectric/ferrite half-plane problem was 
being considered, it was first broken down into two problems with 
symmetric and asymmetric excitations. The problem with symmetric 
excitation was referred to as the even problem, whereas, the one with 
asymmetric excitation was referred to as the odd problem. Note that the 
scattered field of the even problem is symmetric with respect to the 
x-axis, while the scattered field of the odd problem is asymmetric with 
respect to the x-axis. The diffracted field of either configuration is 
proportional to the difference in the reflection coefficients between 

the grounded dielectric/ferrite slab (R e, °) and the conductor (R =±1). 

0 

Thus, by studying the reflection coefficients R e ’° and R c one can 
predict whether the even, odd, or both diffracted fields will be the 
dominant contributors to the scattered field. For example, in Figure 
8.47 the scattered field is symmetric, which means that the dominant 
contributor is either the even or odd scattered field, but not both. In 
order to determine which is the dominant one, the reflection 
coefficients for the even and odd configurations have to be examined. 

For the even configuration R®=1 and R e is depicted in Figure 8.48. 

For the odd configuration R^=-l and R° is depicted in Figure 8.49. 

Since R° is very close to -1 for 4» 1 =45° , the dominant term is the one 
corresponding to the even configuration. This can be verified by 
calculating the even and odd diffracted fields which are shown in Figure 
8.50a. When the permeability is increased to 3.+i0.3, R® does not 
change much, however, R° is no longer close to -1 and one can expect the 
odd diffraction coefficient to become more important. This is confirmed 
in Figure 8.50b where the diffracted fields are depicted. As expected. 
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Figure 8.47. Magnitude of the scattered E* field for the geometry 
depicted in figure 8.2. 
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Figure 8.48. Even reflection coefficient (TM Z polarization) for a 
grounded (PMC) dielectric/ferrite slab. 
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Figure 8.49. Odd reflection coefficient (TM Z polarization) for a 
grounded (PEC) dielectric/ferrite slab. 
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the new scattered field which is shown in Figure 8.51 is no longer 
symmetric. This example shows that one can predict whether the even, 
odd, or both solutions will be the dominant contributors by examining 
the reflection coefficients R e , R°, R®, and R°. 

Another application of the solutions presented in Chapters III to 
VI is in the calculation of the echo width of two-dimensional targets. 
The echo width is defined as follows: 

e(<|>) = lim 

p+oo 

where E and E are the scattered and incident electric fields, 
respectively. Figures 8.52 to 8.55 depict the echo width of a 
dielectric strip for various angles of incidence and for both E^ and 
polarizations of the incident plane wave. In all cases the agreement 
between the UTD and MM solutions is very good. 

Besides the dielectric/ferrite half-plane, UTD solutions are also 
directly available for the diffraction by the dielectric/ferrite 
bisection problem since the former solution was actually constructed 
from the latter. These solutions can be used to obtain the fields 
scattered by a grounded dielectric/ferrite slab as depicted in Figure 
8.56. 
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Figure 8.51. Magnitude of the scattered field for the geometry 
depicted in Figure 8.2. 
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Figure 8.54. Echo width per wavelength of a thin dielectric strip. 
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Figure 8.56. Grounded dielectric slab. 

This report has examined the scattering by a thin 
dielectric/ferrite half-plane. The half -plane solution was obtained by 
appropriately combining the solutions to the even and odd 
dielectric/ferrite bisection (DFB) problems. Roth normal and oblique 
(or skew) incidence on the edge was considered and it was shown that for 
oblique incidence there is coupling between the TE and TM fields. 
However, for the special case of normal incidence, the TE and TM fields 
become decoupled. As stated in Chapter I, this is an important 
canonical problem for the UTD, since it extends the UTD edge diffraction 
solutions from perfectly conducting to penetrable geometries. 

In order to obtain the solution to the DFB problem, the impedance 
bisection problem was considered first. The impedance bisection problem 
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(plane wave incidence) was solved rigorously via the Wiener-Hopf 
technique. The Wiener-Hopf equation was obtained by Jones' method [32], 
and the Wiener-Hopf factorization was accomplished by following a 
procedure similar to Weinstein [37]. The other crucial step in the 
solution of the Wiener-Hopf equation is the decomposition of a function. 
There is a formal decomposition formula [34], however, for the problems 
considered here, the functions were simple enough so that the 
decomposition was achieved by inspection. 

The solution for the case of surface wave incidence can also be 
obtained by repeating the same procedure described above for the plane 
wave excitation problem. However, there is a simpler way (which was 
used here) of obtaining the former solution from the latter one; namely, 
the angle of incidence is simply extended to the complex domain, i.e., 
Brewster angle. From this second solution, the surface wave launching, 
reflection, and diffraction coefficients were obtained. 

It was important to cast the impedance bisection solutions into the 
UTD form involving reflection and transmission coefficients, and also 
the surface wave propagation and attenuation constants. Once this was 
done, the DFB solutions were obtained in the UTD format from the 
impedance bisection solutions as described in Chapter V. These UTD 
solutions are valid for illumination by ray optical plane and 
cylindrical waves, and also by a surface wave. 

All of the UTD results shown in this chapter agree very well with 
the MM-based solutions, except for the case of grazing incidence and 
aspects near forward scatter, where the doubly edge diffracted field 


336 


becomes important. This doubly diffracted field can be obtained by 
following a procedure similar to that in [55], That is, the singly 
diffracted field (diffracted by the first edge) incident on the second 
edge can be represented as a sum of ray optical wave components because 
it is non-ray optical there, and hence, its diffraction at the second 
edge cannot be obtained directly via the use of the above UTD solutions. 
However, the diffraction of each of these ray optical components by the 
second edge can be calculated by the UTD. This work is worthy of future 
investigation. 

Another area of future research is to extend the solution to the 
problem of the diffraction by an impedance wedge which was initially 
developed by Mai iuzhi nets [24] in 1959. Since his solution is 
restricted to the special case of normal incidence, it would be very 
useful to obtain a solution to this problem for the more general case of 
oblique (skew) incidence on the edge. However, it may be very difficult 
to seal arize the original vector problem as it was done here. The 
problem becomes even more difficult if one allows the surface impedance 
to be a tensor, i.e., anisotropic impedance sheet, in which case an 
approximate solution is usually the best one can hope to obtain. 

An additional area of future research related to this work is to 
extend the solutions obtained here to curved surfaces which have many 
practical applications in the analysis of flush mounted antennas, 
surface wave antennas and flush mounted radomes to name a few. 

In order to facilitate the use of the new solutions developed here. 
Tables 1 through 3 summarize the most important results. 
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TABLE 8.1 


IBS SOLUTIONS 

Equation 

Number 

A. Plane Wave Incidence (2-D) 

1. Even problem, edge excited surface wave 3.200 

2. Even problem, reflected field 3.206 

3. Even problem, diffraction coefficient 3.210 

4. Odd problem, edge excited surface wave 3.233 

5. Odd problem, reflected field 3.238 

6. Odd problem, diffraction coefficient 3.242 

7. Slope diffraction coefficient (even problem) 3.255 

8. Slope diffraction coefficient (odd problem) 3.257 

B. Surface Wave Excitation (2-D) 

1. Even problem, incident surface wave 3.301 

2. Even problem, reflected surface wave 3.315 

3. Even problem, diffracted surface wave 3.312 

4. Odd problem, incident surface wave 3.324 

5. Odd problem, reflected surface wave 3.329 

6. Odd problem, diffracted surface wave 3.330 


TABLE 8.1 (CONTINUED) 


Equation 

Number 


C. Plane Wave Incidence (3-D) 

re 

1. Even problem, PEC case, reflected field (Ey ) 4.119 

sw 

2. Even problem, PEC case, edge excited surface wave (Ey e ) 4.121 

de 

3. Even problem, PEC case, diffracted field (Ey ) 4.123 

ro 

4. Odd problem, PEC case, reflected field (H y ) 4.133 

SW 

5. Odd problem, PEC case, edge excited surface wave (Hy 0 ) 4.135 

de 

6. Odd problem, PEC case, diffracted field (H y ) 4.137 


D. Surface Wave Excitation (3-D) 

rsw 

1. Even problem, PEC case, reflected surface wave (Ey e ) 4.162 

dsw 

2. Even problem, PEC case, diffracted surface wave (E ve ) 4.163, 

y 4.175 

rsw 

3. Odd problem, PEC case, reflected surface wave (Hy 0 ) 4.171 

dsw 

4. Odd problem, PEC case, diffracted surface wave (H v0 ) 4.167, 

J 4.172 


d d 

E. Edge Diffracted E z and H z Fields 




do 


PEC 

case. 

Ez 

4.200 



de 


PEC 

case. 

H Z 

4.201 



de 


PMC 

case. 

Ez 

4.216 



do 


PMC 

case. 

Hz 

4.217 
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TABLE 8.2 


DFB SOLUTIONS 


A. Fresnel Reflection Coefficients 


Equation 

Number 


5.14 through 5.21 


B. 2-D Problems 

1. Even diffraction coefficient 5.46 

2. Odd diffraction coefficient 5.47 

3. Even surface wave launching coefficient 5.52 

4. Odd surface wave launching coefficient 5.53 

5. Even surface wave reflection coefficient 5.59 

6. Odd surface wave reflection coefficient 5.60 

7. Even surface wave diffraction coefficient 5.64 

8. Odd surface wave diffraction coefficient 5.65 


C. 3-D Problems 

1. Edge excited surface wave, 

sw sw 5.74, 5.86 

Eye, Ey 0 (plane wave incidence) 

2. Edge excited surface wave, 

sw sw 5.75, 5.87 

Hy e , Hy 0 (plane wave incidence) 
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TABLE 8.3 

DIELECTRIC/FERRITE HALF-PLANE SOLUTIONS 


Equation 

Number 


1. Reflected field 

2. Dyadic reflection coefficient 

3. Transmitted field 

4. Dyadic transmission coefficient 

5. Edge diffracted field 

6. Dyadic diffraction coefficient 

7. Surface wave field excited by a 
plane wave (oblique incidence) 

8. Reflected surface wave (oblique incidence) 

9. Diffracted surface wave (oblique incidence) 

10. Line source excitation 


6.14 

6.16, 6.17, 6.18 
6.19 

6 . 20 , 6 . 21 , 6.22 
6.35 

6.37, 6.38, 6.39 


6.41, 6.42 
6.48, 6.49 
6.60, 6.61 
6.63 through 6.75 
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APPENDIX A 


FOURIER TRANSFORM IN COMPLEX S-PLANE 


In the development of the Wiener-Hopf technique, one can use the 
two-sided Laplace transform or the Fourier transform because in the 
complex plane both transforms are completely equivalent [32]. Here the 
Fourier transform is used. In this appendix certain properties of the 
Fourier transform that are relevant to the Wiener-Hopf technique are 
summarized. A detailed discussion of this topic can be found in many 
excellent books such as Tichmarsh [56]. 

Let f(x) be a function Of the real variable x. Define the 
half-range functions f + (x) and f_(x) as follows: 


f + M 


f(x) x>0 
0 x<0 


(A.l) 


f_(x) 


0 x>0 

f(x) x>0 


(A. 2) 


where the subscript (+) in the function f + (x) signifies that the 
function is identically zero for x<0, and the subscript (-) in the 
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function f (x) means that this second function is identically zero for 
x>0. Therefore, f(x) can be represented as 

f(x) = f + (x) + f_(x) . (A. 3) 

Furthermore, assume f + (x) and f_(x) have the following asymptotic 
behavior: 

T _x 

f+(x) ~ Ae ‘ as x -*• - (A. 4) 

T + x 

f_(x) - Be as x -» . (A. 5 ) 

Next, let s be a complex variable such that 

s = a + i t (A. 6) 

where a and t are real variables. 

The Fourier transform of f + (x) is defined by [32] 

F + (s) = / f + (x) e isx dx = J f + (x) e 1SX dx 

0 (A. 7) 

a 

where F + (s) is regular in the upper s-plane defined by t > x_ [32]. 

The above integral is interpreted as a Riemann integral [34] and it 
will exist provided f + (x) satisfies certain conditions [32,56]. Since 
most of the functions in engineering applications are sufficiently well 
behaved, their Fourier transforms usually exist. 

Similarly, the Fourier transform of f_(x) is defined by 

F.(s)-/2T/ f_(x) e 1sx dx = ffc- J f_(x) e isx dx (A.8) 

.00 .00 

where F_(s) is regular in the lower s-plane defined by t < t + [32]. 


343 



Finally, the Fourier transform of f(x) can be written the following 

way: 

F(s) = /VT 7 f(x) e 1SX dx (A. 9) 

-.00 

A 

where F(s) is regular in the strip defined by t_ < t < x + , and the 

A 

inverse transform of F(s) is given by [34] 

1 T^ ia * -isx 

f(x) = /2w / . F(s) e ds , t_ < a < t + . (A. 10) 

-«+i a 


It follows from Equations (A. 7), (A. 8) and (A. 9) that 


F(s) = F + (s) + F_(s) . (A. 11) 


In solving the Wiener-Hopf equation, it will be necessary to know 

A A 

the asymptotic behavior of F + (x) and F_(s) which is related to the 
behavior of f + (x) and f_(x) as follows [34]: 

if f (x) ~ x' 3 as x 0+, then (A. 12) 

F + (s) ~ s K as |s| « in x > x_ ; (A. 13) 


if f_(x) ~ x^ as x + 0-, then (A. 14) 

F_(s) ~ s K as |s| -*• » in t < T+ . (A. 15) 
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In Chapters III and IV the Fourier transform is applied to the 
scalar Helmholtz differential equation. Thus, it is important to 
define the Fourier transform of the second derivative of f(x). This is 

A 

done in [32] and only the result will be shown here. If F(s) is the 
Fourier transform of f(x), it follows that the Fourier transform of 


£ is given by [32]: 
dx 2 


X n 2 f(xr 
7 


- S 2 F(s) 


T_ < T < T + 


(A. 16) 


where X is the Fourier transform operator such that 


y [f(x)] = /2 5“ / f (x) e 1SX dx . T_ < T < T + . (A. 17) 
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APPENDIX B 


RADIATION AND EDGE CONDITIONS 


In Chapters III and IV it is necessary to solve the following 
scalar Helmholtz equation: 


3x 2 + 3y 2 


+ K 2 


f(x,y) = 0 


(B.l) 


where K is a complex constant with its real and imaginary parts 
positive, and where the region of interest in the x-y plane will involve 
boundaries at infinity and geometrical singularities. In order to 
obtain unique solutions it is necessary to apply two physical 
constraints. The first condition known as the radiation condition [57] 
deals with the behavior of the fields at infinity due to real or 
equivalent sources contained in a finite area of the x-y plane (for 2-D 
problems). If the medium is lossy, i.e., k 2 *0, the radiation condition 
dictates that the fields have to vanish at infinity. On the other hand, 
if the medium is lossless, i.e., k 2 = 0, and isotropic [34], the 
solutions of Equation (B.l) have to represent traveling waves 
propagating toward infinity. Mathematically, this condition dictates 
that the solutions of (B.l) have to satisfy the Sommerfeld radiation 
condition given by [45] 
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f (x,y) a o 


(B.2) 


I • / \ 1/2 

Lim (p) 

p-M» 



where 

p= (x 2 + y 2 ) 1/2 


It follows from Equation (B.2) that 


f (x.y) ~ Y^yiTT 


as p + « 


(B.3) 


(B.4) 


where c is an arbitrary constant. Note that it was emphasized that the 
sources have to be confined to a finite area of the x-y plane, however, 
in Chapters III and IV it is assumed that a plane wave is incident on 
the diffracting geometry. Thus, the asymptotic behavior of the fields 
(for plane wave incidence) has to be interpreted carefully. 

The second physical constraint which deals with the behavior of the 
fields near geometrical singularities is the edge condition. First 
introduced by Meixner [58], it insures that the total electric and 
magnetic energy stored in any finite neighborhood of an edge will be 
finite. 

For the geometry considered in this study which is depicted in 
Figure 3.1, it is difficult to obtain the edge conditions. However, as 
shown in Chapters III and IV it is enough to know the following 
information: 
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The most singular behavior of the fields near the origin (see 
Figure 3.1) is [34,21]: 

E z , H z = 0(p T ) (B. 5) 

for the tangential components (E z , H z ) , and 

E y , H y = 0(p‘ 1+I ) (B.6) 

for the transverse components (E y , H y ). The edge condition is satisfied 
if the constant t is restricted to the domain x > 0. 
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APPENDIX C 


SPECIFICATION OF THE VALUE OF 0 = (K 2 - s 2 ) l/2 

In this appendix, the double-valued function 0 defined by 
3 = (K 2 - s 2 ) 1/2 (C.l) 

will be uniquely specified. Recall that s is the complex variable in 
the Fourier transformed domain given by 

s = a + i r (C.2) 

and K is equal to 

K = K x + il <2 = ksin9‘ = (k i + i k 2 ) sin9‘ , 0 < 0' < ir . (C.3) 

It follows from Chapter I, that 

K i» k 2 > 0 (C.4) 

and it will be assumed that the following constraint is satisfied for 
analytic convenience 

K i » k 2 • (C. 5) 

Because of the radiation condition given in Appendix B, the 
double-valued function 0 has to satisfy the following two conditions 
along the Fourier inversion path: 
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Im (3) < 0 


(C.6) 


and 

Re (3) > 0 . (C.7) 

Conditions (C.6) and (C.7) will insure that the solutions of the Fourier 
transformed wave equation will represent either outgoing or evanescent 
waves for large |y|. Note that the function 3 has two branch points 
located at 

s = ±K . (C.8) 

To specify 3 uniquely, it s convenient to view the complex s-plane 
as a two sheeted surface with the sheets connected along the branch 
cuts. In each sheet, 3 is a single-valued analytic function of s. The 
choice of branch cuts is arbitrary, but for the problems considered 
here, a particular set of branch cuts will be defined based on the 
restrictions given by Equations (C.6) and (C.7). 

The branch cut of 3 in the s-plane is defined such that Im (3) >0 
on one sheet, which will be called the top or proper sheet, and Im (3) < 
0 on the bottom or improper sheet [34]. This definition implies that 
the two sheets are connected by the curve defined by Im (3) =0 which 
locates the desired branch cut. 

In order to obtain the branch cut curve, it is necessary to first 
write 3 2 as 

2 2 2 2 2 

3 = K - s = (Kj + iK 2 ) - (a + It) (C.9) 

or 

2 2 2 2 2 

3 - (K x - K 2 - a + x ) + 2i(K x K 2 - ot) . (C.10) 
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Next, the complex s-plane is divided by the curves Re (8 2 ) = 0 and 
Im (8 2 ) = 0 as shown in Figures C.l where the horizontally shaded 
regions correspond to Re (B 2 ) <0 and the vertically shaded regions 
correspond to Im (8 2 ) < 0. The unshaded region corresponds to both 
Re (e 2 ) > 0 and Im (8 2 ) > 0. Note that the Re 8 2 = 0 implies that 


2 2 2 2 
l<i - «2 - a + t = 0 


(C.ll) 


which is the equation of a hyperbola. On the other hand, the condition 
Im (8 2 ) = 0 implies that 


K 1 K 2 = 0T 


(C. 12) 


and solving for x one obtains 
x = l^/a 

Furthermore, the constraint Im (B 2 ) > 0 can be expressed as 
Kg > ot 


(C. 13) 


(C. 14) 


or 


K 1 K 2 


K 1 K 2 


a > 0 


a < 0 


(C. 15) 


To insure that Im (8) > 0 on the entire top-sheet, it is required 
that the argument of 8 2 be restricted to the domain given by 

0 < Arg (8 2 ) < 2 tt (C.16) 
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Figure C.l. Domain of 0 = (K 2 - s 2 ) 1/2 
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(C. 17) 


on the top-sheet. This dictates that along the branch cut 
Arg (3 2 ) = 2n . 

It follows that the branch cut is described by the equations 

Im (3 2 ) = 0 and Re (3 2 ) > 0 . (C.18) 

Thus, the branch cut of the function 3 depicted in Figure C.2 has been 
uniquely determined. It follows from Equation (C.16) that 

2ir < Arg (3 2 ) < 4 tt (C.18) 

and Im (3) < 0 on the entire bottom sheet as required. The bottom sheet 
is shown in Figure C.3 and the signs of Re (3) and Im (3) on the entire 
two-sheeted s-plane are summarized in Table C.l. For the special case 
of k 2 = 0, the two sheets of the s-plane are depicted in Figures C.4 
and C.5. 


TABLE C.l 

SIGNS OF Re (3) and Im (3) 


Re (3) 

Im (3) 

TOP E2 _ 

SHEET □ + 

+ 

BOTTOM Wi + 
SHEET □ - 

- 
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Figure C.2. Top sheet: Im (0) > 0. 


r 



Figure C.3. Bottom sheet: Im ($) < 0. 
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S- PLANE X 



Figure C.4. Top sheet: Im (3) > 0, K = K 



Figure C.5. Bottom sheet: Im (3) < 0, K = K^. 
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APPENDIX D 


FACTORIZATION OF THE FUNCTIONS G e (s) AND G°(s) 

The factorization of a function G(s), which is regular and free of 
zeros in a strip t_<t<t + , means that G(s) can be expressed as the 
product of two functions such that 

G(s) = G + (s) G_(s ) (D.l) 

where G + (s) and G_(s) are regular and free of zeros in the upper and 
lower half s-planes Im(s)>T_, and Im(s)<T + , respectively. There is a 
formal procedure for obtaining G + (s) and G_(s) [32,34]. That is, if 
G(s) has the properties mentioned above, and G(s)-»-l uniformly as |s|-*-«> 
inside the strip x_<Im(s)<T + , then [32,34] 

1 ~ +ic Log[G(u)] 

G+(s) = exp 2-iri / u-s du , t_ < c < x < x + (D.2) 

_ -»+i c _ 

is regular and free of zeros in the upper half s-plane defined by 

Im(s)>t_, and 

-1 • +id Log[G(u)] 

G_(s) = exp I — du , t_ < t < d < t + (D.3) 

_ -«+i d _ 
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is regular and free of zeros in the lower half s-plane defined by 
Im(s)<T +> N 0 te that a branch of the logarithm is choosen so that 
Urn Log[G(s)]=0 within the strip . Furthermore, the functions 

W- 

G + (s) and G_(s) have the following properties: 

G_(s) = G + (-s) (D.4) 

and each tends to unity in that half-plane in which it is analytic 
[37]. 


1. EVEN Function 


p 

In this case, the function G (s) is given by 


G e (s) 


0 

0+k 6 


(D.5) 


which is regular in the strip defined by -Im(K)<Im(s)<Im(K). Define the 
function »|>(s) as 


+(s) = G e_1 (s) 



(D.6) 


where 0 was defined in Appendix C. The function i|>(s) will be factorized 
into the product of the functions i» + (s) and i>_(s) such that 

♦(s) = * + (s) i»_(s) . (D.7) 

It follows from D.7 that 

«J(s) ■ ♦;*($) (d.8) 

and 

G®(s) = *I 1 (s) . (D.9) 
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The first step in the factorization of ij>(s) is to take the 
logarithm of (D.7), that is 

Log[t(s)] = Log|> + (s)] + Logl>_(s)] . (D.10) 

As suggested by Weinstein [37], it is easier to factorize the function 
i|>' ( s )/i|»(s) . Thus, taking the derivative of (D.10), one gets 

V(s) +;(s) V(s) 

X ( s ) = t|>(s) = * + (s) + 1 >_(s) = X + (s ^ + X -^ s) * (D.H) 

Substituting (D.6) into (D.ll) yields 
KS s 

X ( s ) = 0 2 ($+K«S) * (°- 12 ) 

Note that the branch points ±K of 3 are also poles of X(s). Thus, the 
factorization of the function i|>(s) reduces to the decomposition of X(s). 
It follows from [32,37], that 

-1 09+1(1 X(u) 

X_(s) = du ’ t_ < t < d < x + (0.13) 

-o»+i d 

and 

1 09+10 X(u) 

x +(s) = f du » t_ < c < t < x + (D. 14) 

-*+ic 

where x_=-Im(K) and T + =Im(K). The function X_(s) will be computed 
first, followed by X + (s). First of all, the path of integration is 
deformed upward in (D.13), so that it encloses the branch cut K-n-i® as 
shown in Figure D.l. Next, assume there is a pole Up (that is. 
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e(Up ) =-K6) enclosed by the contour. Note that u p is enclosed by the 
contour if Im(K6)<0. Then, 

X_(s) = 2iri [Res(Up) + Res(+K)] -/-/-/ (D.15) 

r c 2 

where the contours r, c^, and C 2 are depicted in Figure D.l. It can be 
shown that the integration along the contour r does not contribute to 
X_(s), that is 
X(u) 

I du = 0 . (D. 16) 

r 

Define the constant ? such that 

cos? = 6 0 < Re(?) < ir/2 (D. 17) 

where Im(5)<0 implies lm(?)>0. It follows from (C.l) that 
Up = Ksin? 

Now, the residues at u p and +K can be computed such that 

1 

Res < tK > = 27T2 (K-s) 

and 

-1 

Res ^V = 2iti (Ksin?-s) 

Substituting (D.19) and (D.20) into (D.15) yields 

1 1 KS udu 

X - (s) = 2 ( K-s ) + s-Ksin? + Iri J 3 (u-s)(3*-kV) 

c 2 6 

Note that along the contour c 2 , Im(3)=0, and Re(3)>0. 


(D. 18) 

(D.19) 

(D.20) 

(D.21) 
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The next step in the analysis is to map from the u-plane to the o-plane. 
That is, 

u = K sin a , -w < Re (a) < ir (D.22) 

M K cos a (D.23) 

and 

s = K sin a (D. 24) 


where it is assumed that Im(K)=0 for convenience. The mapping in (D.22) 
and (D.23) is discussed in more detail in Appendix F. Substituting 
(D.22), (D.23) and (D. 24) into (D.21), the last term in (D.21) 
becomes 


KS 


i irli 




r J 


-rrtc C 

>9 


c i n /wi r* 

•>111 V4U V* 


c 2 e (u-s)(e 2 -K 2 6 2 ) 


tri K 


C2 a (sina-sino)(sin 2 a-sin 2 C) 


(D. 25) 


where c 2a is shown in Figure D.2. Evaluating the integral along c 2a , 
one finally gets [37] 


1 1 

X_(s) = + 

2 ( K-s ) 2(s-Ksin) 


1 

2irKcoso 


a+5 

sin(a+£) 


ir+a-5 

sin(ir+a-5) 


(D. 26) 


Substituting (D.26) into (D.ll), and integrating 
'll (Ks in a) = 


sin^-sina 

1/2 

-i 

1-si no 

exp 

n j <°) 


X_(s), one obtains 
0 < Re(C) < w/2 (D.27) 


where 


«*5 t 

J <»> = / (D. 28) 

a+n-C 
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Note that the fact that t|»_(-i«) = 1 has been used to obtain (0.27). 

Using the identity »|> + (s) = i|>_(-s), it follows that t + (s) is given by 

” - 1/2 — — 

sinC+sina -1 

t + (Ksina) = 1+sina exp ^ J(-a) , 0<ReU)<*/2. (D.29) 

Substituting ( D. 27 ) and (D.29) into (D.9) and (D.8), respectively, 
yields 

“ — 1/2 ” ~~ 

1+sina 1 

G + (Ksina) = Tin V+si na ex P 2^ J(_a) >0<MO<*/2 (D.30) 

which is regular in the upper half s-plane defined by Im(s)>-Im(K), and 

— — 1/2 — ~ 

1-sina 1 

G - (Ksino) = T ing-si n a exp Ti J(a) * 0<Re(g)<*/2 (D.31) 

is regular in the lower half s-plane Im(s)<Im(K). 

2. ODD Function 

The odd function is given by 

o 1 G e (s) 

G ^ _ 3+KS = 0 * (D.32) 

Note that the function 3 can be expressed as 

, 1/2 1/2 

3 = (K-s) (K+s) (D.33) 
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1/2 

where (K-s) is analytic in the lower half s-plane defined by 

1/2 

Im(s)<Im(K), while (K+s) is analytic in the upper s-plane 
Im(s)>-Im(K). Substituting (D.33) into (0.32) yields 


G ®(s) 

G °( s ) ITT 
(K+s) 



(K-s) 


1/2 


It follows from (D.30), (D.31), and (D.34) that 


n exp[l/2ir J(-a)] 

G°(Ksina) = T72 , 0 < Re(0 < */2 

[K(sin£+sina)] 


is regular in the upper half s-plane Im(s)>-Im(K), and 


n exp[l/2ir J(«)] 

G_(Ksina) = YTI > 0 < Re(£) < if/ 2 

[K(sin^-sina)] 


is regular in the lower half s-plane Im(s)<Im(K). 


(D.34) 


(D. 35) 


(D. 36) 
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APPENDIX E 


DECOMPOSITION OF THE FUNCTIONS D S (s) AND D°(s) 


The decomposition of the function D(s), which is regular in the strip 
T_<Im(s)<T + , means that D(s) can be expressed as the sum of two 
functions D + (s) and D_(s) such that 

D(s) = D + (s) + D_(s ) (E.l) 

where D + (s) and D (s) are regular in the upper and lower half s-plane 
defined by t>t_ and t<t + , respectively. 

There is a formal procedure for obtaining (E.l) [32,34], however, 
for the functions needed in this study, the decomposition can be 
achieved by inspection. First, the function in Equation (3.62) will be 
considered, followed by the one defined in (3.128). 


1. EVEN Function 

p 

The function D (s) is given by 


D e (s) = * e (s) G®(s) = 


ivk'U-R ) G®(s) 
y v e + 

/Z* 3 (s+k ) 


(E.2) 


0 

where G + (s), which was computed in Appendix D, is regular in the 
half-plane Im(s)>-Im(k). Substituting (3.83) into (E.2) yields 
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D e (s) = 


i vky(l-Rg) <(s) 

/2i k6. (s+k 1 


(s+k x ) G_(s) (s+k x ) 


(E.3) 


where x_=-Im(k x ), T + =Im(k), and G_(s) is regular in the lower half plane 
Im(s)<Im(k). The second term in (E.3) can be rewritten as follows: 


1 (E.4) 
\ \ 


5_(s) (s+k x ) (s+k x ) _G*(s) G_ ( — k x ) (s+k x ) G>k x ) 


Substituting (E.4) into (E.3), one obtains 


1vk-(l-R e ) 

D e (s) » — 

/2ir k6 

e 


- Gj(s) 

(stk x> J- ( - k x> 


(s+k x ) _G*(s) G*(-k x ) 


(E.5) 


After studying carefully the expression in (E.5), one concludes that the 
first term in (E.5) is regular in the upper half-plane Im(s)>T_, while 
the second term is regular in the lower half-plane Im(s)<t + . Thus, 

D®(s) and D®(s) are given by 


0®(s) = 


ivk^(l-R e ) 


G®(s) 


m k8 e < stk x> l_ G -(-k„) J 


(E.6) 
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and 


D?(s) 


ivk^(l-R e ) 1 1 

m k6 e ( $+k x^ _ G - (S) G - ( - k x } . 


(E.7) 


2. ODD Function 


It follows from (3.128) that 


D°(s) = *°(s) G°(s) = M (1+R 0 ) i G +( s ) 


(E.8) 


where G°(s), which is defined in Appendix D, is regular in the upper 
half-plane Im(s)>-Im(k) . Solving for $ in (3.121), one gets 


3 = ~ - k5 rt 

G°(s) 0 


(E.9) 


Substituting (E.9) into (E.8) yields 


D°(s) = 


vi ( 1+R ) 
o' 


k5 o G ° + ( s >‘ 


Js+k x )G°(s) ( s+k x ) 


(E. 10) 


where G°(s), which is also defined in Appendix D, is regular in the 
lower half-plane Im(s)<Im(k). The first term in (E.10) can be rewritten 


as follows: 


(s+k y ) G°(s) (s+k x ) _G°(s) G°(-k x ) 


(s+k x ) G°(-k x ) (E. 11) 


Substituting (E.ll) into (E.10), one obtains 
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D°(s) = 


vi (1+R 0 ) 


m 


(s + k x ) 


G?(s) ’ G°(-k') 


x'_ 


(stk x> 


_ G -<- k x> 


. - G°(s) 


(E.12) 


It follows from (E.12) that D°(s) is given by 


iv(l+R o ) 


D+(s) = T 


{ S+k ^ i/Tir 

- x / - -« 


- « G°(s) 

1 0 + 

' "X ' 


(E. 13) 


which is regular in the upper half-plane defined by Im(s)>x_, and D_(s) 
can be expressed as follows: 


D.(s) = 


iv(l+R o ) 

(s+k x ) 


1 


_g“(s) G°(-k x ) 


(E.14) 


which is regular in the lower half-plane defined by Im(s)<x + . 
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APPENDIX F 


ANGULAR SPECTRAL MAPPING 
1. Mapping to the periodic 4>-plane. 

To simplify the analysis, assume that K=K^ is real, that is, 
Im(K)=K 2 =0. Next, let 

s = K sin <|i (F*l) 

where s was defined in (C.2) and t is given by 

\|> * u + i v (F.2) 

Substituting (F.2) and (C.2) into (F.l) yields 

a = K sinu coshv ; t = K cosu sinhv . (F.3) 

It follows from (C.l) and (F.l) that 

22 2 1/2 

B = B p +i Bj = (K -K sin <|>) = K cost (F.4) 

where 

B„ = Kcosu coshv • B t = -Ksinu sinhv . (F.5) 

r » 1 

Note that Equations (F.3) and (F.5) map a finite-width strip (width of 
2 tt) in the t-piane To The entire two-sheeted plane of B(s) depicted in 
Figures (C.4) and (C.5). 
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In order to have a one-to-one mapping, the real part of <|> is 
restricted to the interval -ir<Re(i|>)=u<ir. This can be achieved by an 
inverse mapping from the two-sheeted plane of 3(s) to the t-plane. The 
inverse mapping can be obtained by solving for i|> in terms of s and 8(s) 
such that 

6 

cosi|> = £ (F.6) 

and 

is 

isin<|» = . (F. 7) 


Adding (F.6) and (F.7), one gets 


rncili 4- icinili = 

wv ^ i w my 




B+is 


fCQ\ 

V 


Taking the logarithm of both sides of (F.8) and dividing by i yields 


♦ ■ - iLog 


g+is 

~Y~ 


(F.9) 


where 

Log(z) = Log | z | + i Arg(z) ; -ir < Arg (z) < ir . (F. 10) 


It follows from (F.9) and (F.10) (or from (F.3) and (F. 5) ) that the 
two-sheeted plane of 0(s) maps to the i|>-plane as shown in Figure (F.l). 
The top-sheet maps into the region indicated with cross-hatching, and 
the branch cuts of &(s) in the s-plane become the lines depicted in 
Figure (F.l). It is obvious that the effect of the mapping is to open 
up the function 3(s) so that the branch cuts of p(s) are replaced by 
lines in the i|>-pl ane . 
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One of the reasons for mapping into the t-plane is that it is 
easier and more natural to perform the asymptotic evaluation of the 
inverse Fourier-Transform in the <ji-plane. This mapping is usually 
referred to as the Angular Spectral mapping. 

2. Mapping to the w-plane 

In order to have the saddle point of the integrands in the inverse- 
Fourier Transform integrals equal to the observation angle it is 
necessary to make one more mapping, which is a simple translation of the 
imaginary axis of i|>. That is, let w be equal to 

TT IT 

w = a+i y = <l» + Y = u + "^ + i v . (F.ll) 

Substituting (F.ll) into (F.l) and (F.4) yields 

s = -Kcosw = -Kcos(o+iY) ( F . 12 ) 

and 

3 = Ksinw = Ksin(a+iy) • (F.13) 

Expanding Equations (F.12) and (F.13) one obtains 

a = -Kcosa coshY , t = Ksina sinhY (F.14) 

3 p = Ksina coshY , 3j = Kcosa sinhY . (F . 15) 

The w-plane is depicted in Figure 3.7. Note that the real part of w is 
restricted to the interval 
tt 3ir 

- 7 < Re(w) = a < “2 . (F. 16) 
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Im £ = 0 



^-PLANE 
Mk, (REAL) 


»Im£ *0 





IMAGE OF HYPERBOLIC BRANCH CUT OF£(s) FROM -k 
IMAGE OF HYPERBOLIC BRANCH CUT OF £ (») FROM +k 
IMAGE OF Ims-AXIS OF THE TOP RIEMANN SHEET 
IMAGE OF REAL «-AXIS OF THE TOP RIEMANN SHEET 
TOP SHEET 0 F£(s) -SURFACE WHERE lm£>0 


Figure F.l. Periodic i|»-plane. 
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APPENDIX G 


SADDLE POINT METHOD I 
1. One Pole Near Saddle Point 

In this section a method is discussed for evaluating a particular 
integral by the saddle point approximation technique. This method is 
discussed in more detail in [38]. 

Assume that the integral is of the form 

IOO ■ / M(z)e Kf(z) dz (G-1) 

c 

where K is real and positive, and the path C is choosen so that the 
integral converges. Let z $ be an isolated, first order saddle point of 
the analytic function f(z). That is, 

f'(z $ ) = 0 and f"(z s ) * 0 . (G. 2) 

Also assume that M(z) is an analytic function, except at a finite number 
of singular points which are not close to the point z $ . Furthermore, 
assume M(z) has one simple pole z 1 close to the saddle point. Next, 
define the transformation 


from the z-plane to the u-plane, where the descending part of C is 

mapped onto the positive real u-axis. It follows from (6.3) that 

Kf(z_) • dz e ,, 2 
I(K) - e 5 / M(z) ^e- Ku du 


dz 

where one assumes that has no poles close to the saddle point. 
Therefore, the function N^(u) given by 


Nj(u) 


/ v dZ 

M(z) du" 


(U-Uj) 


is analytic in the neighborhood of Uj and u=0, which means that it 
ho expanded in s Taylor ssriss such thst 

Njfu) * l A m u m 
m=0 

Now, define a^ such that 

a l = 1 E f ( z s ) " f ( z i)^ 

Substituting (G.6) into (G.4), and assuming K is large, yields 
Kf(z ) - 

I.(K) ~ e l A„ I 

s' 7 u m m 

m=0 

where 

u m e _Ku2 (u+u t ) du 

J m = ^ u 2 + ia, 

-00 1 


(G.4) 


(G.5) 

can 

(G.6) 


(G.7) 


(G.8) 


(G.9) 
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In practice, usually the first term in (G.8) is computed. That is, 
for K sufficiently large 

I S (K) -exp (Kf(z s )) A 0 I 0 . (G.10) 


It is shown in [38] that 


A 0 = N l( 0) = -UjM<z s ) 


and 


- -2 ~ 

1/2 

f "< z s > 


— — 




I 

o 


ika, 
2 Uj e 1 



1/2 00 

I 

(Kaj ) 1 ' 2 



(G.ll) 


(G. 12) 


where <|i s is depicted in Figure G.l. Substituting (G.ll) and (G.12) into 
(G. 10) yields 


I S (K) ~ M(z $ ) exp(Kf(z s )) 


-2tt 

1/2 

Kf"(z s ) 


— — 



U s 

e F(K 9l ) 


(G. 13) 


where F(Ka^), which is referred to as the transition function [11], is 

defined given in (3.197). In order for F(x) to converge, the argument 

1/2 1/2 
of x is restricted to [41] -3ir/4 < arg (x ) < n/4. 


c - 
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2. Two poles near the saddle point 


Now assume M(z) has two poles, and z 2 , near the saddle point z $ . 
In this case, the function N 2 (u) given by 
dz 

N 2 (u) = M(z) jjj- (u-Uj) (u-u 2 ) (G.14) 

is analytic in the neighborhood of u=0. Up and u 2 . Thus, N 2 (u) can be 
expanded in a Taylor series such that 

N 2 (u) = E c m ^ (G.15) 

m=0 


around the point u-0. Substituting (G.15) into (G.4) and for large K, 
one obtains 


I S (K) ~exp(Kf(z s )) l c m I m 

m=0 


(G. 16) 


where 


m -Ku 

~ <*> u e 

" * (u-u 1 )(u-u 2 ) 


du 


(G. 17) 


and 


a 2 = 1 “ f ( z 2) ] 


(G. 18) 


The denumerator of the integrand in (G.17) can be expanded in partial 
fractions such that 


1 1 

(u-u ) (u-u ) = u -u 
1 2 12 


U+Uj 

u 2 +ia 


u+u 2 

u z +ia 2 


(G. 19) 
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Thus, I can be rewritten as follows: 
m 


I 

m 


u n -u 


1 °° v 2 
r m -Ku 
J u e 


l" u 2 


u+u 


1 


u+u. 


—z ~ : — - ~2 ~~. — 
u tiaj u +ia 2 


du 


Again, keeping only the first term in (G.16), I $ ( K) is given 
I s (K) - exp(Kf(z s )) c Q I 0 

where 


2(tt) 


1/2 


! o " u ^ -u 2 


iKa, 


u^ e 


(a,) 1 ' 2 • i ,2 

1 tv* ' 

i Ka„ 


CO * — 

t -it 

J e dt 

(KaJ 1 


(a 2 ) 1/z 


..2 

-It .. 
e dt 


(Ka 2 ) 


1/2 


The constant c is easily evaluated by setting z=z (u=0) in ( 
0 ^ 

that 


c Q = N 2 (0) = M(z $ ) 


dz 

du 


z=z. 


( -u ! ) ( -u 2 ) 


Furthermore, it is shown in [38] that 

I 1/2 1 . 


dz 



- -2 - 

du 

z=z s 


f"< z s> 


(G.20) 

(G.21) 

(G. 22) 
.14) such 

(G. 23) 
(G. 24) 
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Substituting (G.22)-(G.24) into (G.21) yields 

1/2 1/2 

■j^ — _2-n- —1/2 (^ 2 ) F(Ka2) 

I s (K)-M(z s )exp(Kf(z s ))e s (Ka 2 )‘« - (ICj)*'* 

(G.25) 


I 

/ 



Figure G.l. Definition of the angle <fr $ . The direction of integration 
along the path SOP is indicated by the arrowhead. 

(Figure copied from: Proceedings of the IEEE Vol . 55, 
August 1967, pp. 1496-1497, R.H. Schafer, R.G. Kouyoumjian) 
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APPENDIX H 


SADDLE POINT METHOD II 
(One Pole Near Saddle Point) 


In this section, the evaluation of (3,231), when the saddle point 
z s is z s =n * 1S discussed. The saddle point method used here is the one 
developed by Felsen and Marcuvitz [42]. It is shown in [42], that the 
first term in the asymptotic expansion of (G.l) when a simple pole Zj of 
M(z) is near the saddle point, is given by 


-Kb 


2 tt 1/2 - 


I S (K) ~ exp(Kf(z s ))|_ ±2ia/S e~™ Q[+ib/E] + (-) T(0) 


Im(b) < 0, K 


where 


a = Lim [M(z)(z-z,)] 

z>zi 


1/2 


» = ( f ( z s ) - f ( z i)) ; h = 


-2 

1/2 


2 

1/2 

_f“(z s ) 



f"(z ) 
' s' 



T(0) = hM(z $ ) + £ 


(H.l) 

(H.2) 

(H.3) 

(H.4) 


and 
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Q(y) * / e" x2 dx . (H.5) 

y 

zi-zs 

The argument of b is defined [423 so that b -*■ ^ as z^ z $ . 

Since the function M q (z), defined in (3.227) is equal to zero when 
z s =ir, it follows that 

T(0)=“ . (H.6) 

Since M q (z) has two simple poles at and z 2 =ir+<)) ' (4>'*0), the 

asymptotic evaluation of (3.231) is given by 

I S (K) ~ exp(kpf(z $ )) 

(H.7) 

where 


bj = -/2 e iir/4 sin(*'/2) 

Im (bj) < 0 

(H.8) 

b 2 = fl e^ 4 si n ( <► ' /2) = -bj , 

Im (b 2 ) > 0 

(H.9) 

f(z s ) = i 


(H.10) 


Since b 2 = -bp Equation (H.7) can be rewritten as follows: 


, a ? 


2ia 2 /iT exp(-kpb 2 )Q[-ib 2 /Tp] + (ir/(kp)) ^ 


2 1/2 a l 

-2ia j/i exp(-k pbj)Q[ibj/Fp] + (ir/(kp)) ^ 
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I S (K) - e^ kp 


2i/7 expt-kpbg) 0[-ib 2 /Tp] + (it/(kp)) X Z /b 2 


( 3 ^+ 82 ) • 
(H.ll) 


Next, the constants a^ and a 2 are evaluated. Substituting (3.227) into 
(H.2), one obtains 


-v si n<p * [ (si nC°-cos <p* ) ( si n 5 u+ cos <p* )] 


1/2 


a l " 2iri 


• exp 


(sinV+sinS 0 ) 

27 [J 


and 


3 r> — 


V 

2ttT 


exp 


sin<J>'[(sinf; 0 -cos<|>' )(sin5 0 +cos<|>' )] 
(cos5°-sini)»' )(cos£°+sin$' ) 


1/2 


2tt + ( <!> 1 ) D 


where 


(H. 12) 


(H. 13) 


b 9 = 2i si n (<j>'/2) = i ( l-cos<|> ' ) 


(H. 14) 


For large |/Fp b 2 |, the first term in (H.ll) becomes [42] 


2 1/2 

2i/rr exp(-kpb 2 ) Q[-ib 2 /Tcp] ~ -(ir/(kp)) /b 2 as |/Fp b 2 | •*». 


(H.15) 


Thus, when |/l<p b 2 | is very large, I $ (K) which is approximated by only 
the first term of its asymptotic expansion, approaches zero as expected. 
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APPENDIX I 


EXPRESSIONS FOR E AND H v . IN TERMS OF H„ AND E u 
^ 1 2 x jZ y y 

Evaluating Equations (1.1) and (1.2) in rectangular coordinates 
one obtains the following six equations: 


1kn o H z 

_ 3E^ 
3x 

3E X 

ay 

(1.1) 


_ 3Ex 

3Ez 


ikn.H 



( 1 . 2 ) 

u y 

OL 

3x 

\ * " / 

1k Vx 

3E Z 

= 3y ■ 

3Ey 

3z 

(1.3) 


3H X 

3H V 


’ kY o E z 

= ay ' 

3x 

(1.4) 


3H Z 

3Hx 


1kv 0 E y 

3X 

3Z 

(1.5) 

1kV o E x 

3Hy 

3Z 

3H Z 

3y 

(1.6) 


Taking the Fourier transform of (1,1) through (1.6) with respect to x, 
and assuming all the field components have a z-dependence of the form 



(1.7) 


a a 3 E ^ 

1kn 0 H 2 - -IsE 


1k % H y ■ 1k z E x + isE z 


* 3Ez 1 a 

1k Vx ■ IT ■ 1k z E y 


ikY o E z =iT +isH v 


ikY 0 E y - isH z - ik z H X 


( 1 . 8 ) 

(1.9) 

(1. 10) 

( 1 . 11 ) 


a I a 3Hy 

ikY E = Ik. H - — 


ox "'z y 3y 

Furthermore, it follows from (3.31) that 
3 2 E ( 2 


ay 2 = 9 E i 


and 


3 2 H 

9y 


i 2 * 

2“ = - 6 H 


1 


for y > 0 , i = x,y,z 


for y > 0 , i = x,y,z 


( 1 . 12 ) 


(1.13) 


(1.14) 


Taking the derivative of both sides of (1.9) with respect to y and using 
(1.13) yields 


3H V 


, 3E 


ik % W = - 0 E z- ik z 3y 


(1.15) 


Substituting (1.15) into (I. 10) and after some simplification one 
obtains 

A 

• 3E y (s,y,z) 
kn Q s H y (s,y,z) + ik z §y 


E z (s,y.z) = 


„ 2 «2 X 
(s + k ) 


(1.16) 
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The expression for H z can be obtained in a similar fashion, however, it 
is easier to use duality [20], That is, substituting (1.16) into 
(4.109) (where y is replaced by z), one obtains 


ik z 3Hy(s,y,z) - kY Q s E y (s,y,z) 

^"2 rr . 0.17) 

Z (* + kj ) 


The first step in solving for E in terms of E and H is to take 

^ y J 

the derivative of (1.17) with respect to y such that 


3H Z 

3v 


i 2 - 

- ik 7 0 H V 


k Vi^ 

JSL 


t 

t 5 


% J 


(1.18) 


where equation (1.14) has been used to simplify (1.18). Substituting 
Equation (1.18) into (1.12) and after some simplification, one gets 


ik z H y ($,y ,z) + sY Q 3E y (s,y,z) 

E x (s,y,z) = ~2 IT ^ • (1.19) 

1V„ (s + k 2 ) 


Again, to get the expression for H x , one can follow a similar procedure 

a 

as the one used to obtain E x » However, it is much simpler to use 
duality. Thus, substituting (1.19) into (4.109) (where y is replaced by 
x) yields 


sn n 3H y (s,y,z) - ik 2 kE v (s,y,z) 

- 3y 

H x (s,y,z) = “I TT 

x K (S *K ) 


( 1 . 20 ) 
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APPENDIX J 


CALCULATION OF THE FRESNEL REFLECTION COEFFICIENTS OF A GROUNDED 
DIELECTRIC/FERRITE SLAB USING THE TRANSVERSE RESONANCE METHOD 

Figure (J.l) illustrates the geometry for the problem considered in 
this appendix. The dielectric/ferrite slab has a thickness t, and it 
can be backed by either a perfect electric conductor (PEC) or a perfect 
magnetic conductor (PMC). Region 1, which is characterized by (c^Uj) 
is the region y>0, while Region 2, characterized by (e 2 ,y 2 ) is the 
region -t<y<0. A plane wave is incident on the slab at an angle 9^ from 
the y-axis. The transverse resonance method [21] models the geometric 
depicted in Figure J.l by an equivalent transmission line circuit as 
shown in Figure J.2. 



Figure J.l. Grounded Dielectric/ferrite slab. 


384 


PLANE WAVE INCIDENCE [E^) 
l * 3X d * 0.1X 
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o 
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where 


A. A * A, 

Kj = (-xsin9'cos<j>' - ys i n 9 1 si n <(> * - zcos9‘) k^ 


cos0j = si n 9 1 si n <J> ' 


(J.4) 

(J.5) 


It follows from Snell's law that 
sinSj = N sin9 2 


(J.6) 


where 


N = 


e 2 u 2 

Vi 


1/2 


(J.7) 


The characteristic impedances for both polarizations are as 
follows: 

k l,2 n l,2 


TE y wave (H y ): Z 1>2 * — 

^ 9 


( 0 . 8 ) 


k l,2 P l,2 


™yWave(E y ): Z“ j2 = — 


where 


' 1*2 


1,2 

1,2 


1/2 


; k lj2 - »(e 1>2 


u l,2> 


1/2 


(0.9) 


( 0 . 10 ) 


and 


= kjeosOj 


« , . , 21/2 22 1/2 
e 2 = k 2 cos0 2 = k 2 (1-sin 0 2 ) = kj(N -sin 0j) 


( 0 . 11 ) 


( 0 . 12 ) 
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Note that Z s , the equivalent load impedance at y=-t is given by 


Z 


s 


0 for PEC 

- for PMC 


(0.13) 


Substituting (0.13) into (J.l) yields 

-i Zg tan($ 2 t) for PEC ^ 

iZ 2 cot(U 2 t) for PMC 

Next, the Fresnel reflection coefficients for both polarizations 
are computed. 


z in<y=°> ■ 


I. TE POLARIZATION (H ) 

•A J 

The reflection coefficient for this polarization at y=0 can be 
written as follows: 


R h (y=0) = 


z 1n (7=o) - z/ 
z in (y=o) . i ' 




(0.15) 


When there is an electric wall (PEC) at y=-t, the reflection 
coefficient is 


Rh(y=o) 


-iZ 2 tan($ 2 t) - zj 
-iZ 2 tan(e 2 t) + 


(0.16) 
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PLANE WAVE INCIDENCE (E*) 
l « 3. OX d = 0.05X 

e r ' 5.+i0.5 u p = 1. 

♦ ' = 45° 9 1 * 90° 

P = 50X 


Figure 8.31. 


Magnitude of the scattered field E* with the diffracted 
surface wave field E^ sw included (see Figure 8.30). 
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When there is an electric wall (PEC) at y*-t, the reflection coefficient 
can be written as follows: 

Z® + iz| tan (0 2 t) 


R J(y-o) 


l\ - n\ tan ($ 2 t) 


( 0 . 21 ) 


Substituting (J.9) into (J.21), one obtains 


e l 2 2 1/2 2 2 1/2 

cosSj+i (N -sin 9^) tan [k^t(N -sin 8j) ] 

Rt(y = 0) = 51 2 2 W2 2 2 1/2 * (0*22) 

cos9j-i (N -sin 0^) tan [kjt(N -sin 0^) ] 


Finally, if there is a magnetic wall (PMC) at y=-t, the reflection 
coefficient becomes 

Z 1 " iZ 2 cot ( e 2*) 



Z® + iZ 2 cot (& 2 t) 


(J.23) 


Substituting (J.9) into (J.23) yields 


e l 2 2 1/2 22 1/2 

cos0 j-i (N -sin 9j) cot [kjt(N -sin 9^ ] 

R a(y = 0) * &I 2 2 T72 2 2 T7T~ • ( J - 24) 

cos0 1 +i ^ (N -sin 0j) cot [k ^t ( N -sin 9^) ] 
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APPENDIX K 


RAY-FIXED COORDINATE SYSTEM FOR GO FIELDS 


It is well known that the natural coordinate system for the GO 
fields is the one depicted in Figure 6.1. The propagation vector iT 
for the incident field defined in Equation (4.4) is given by 
jfi = k "i 

K K S » (K.l) 

where 

A A A 

s' = -x sin 0' cos^' -y sine' si n 4>' - z cose' # (K.2) 

It follows from (6.5) - (6.7) that the unit vectors {uj, u., u,}, and 
s are given by 


A 



A 2 a 2 2 

-xsin 9'sin<l>'cos<fr' + y(l-sin 9'sin <)>') 

A A 

|n x s' | 

A A 

zsi n9 ' cos <(> 1 - xcos9 1 


A A 

|n x s' | 


zsine'cos^'sin*' 

(K.3) 

(K.4) 


A r 
u n 


- 2 

xsin e'sin^'cosV 


A 2 2 a 

+ y(l-sin e'sin <|>') + zsine'cos*'sin$' 
|n x s' | 


(K.5) 
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and 


s r = -xsin0'cos$' + ysl n© 'si n 4>* - zcos0' , 

A A 

where n=y, and 

* a 2 2 1/2 

|n x s' | = (1-sin 0'sin $') 

Thus, the field components E^,, e| , and E^ can be 
follows: 

• • • • 

E ■ = (-E sin0'cos + ' - E^ si n0 ' si n 4>* - E 1 cos0‘) 

0 X y z 

j j 2 2 2 

E, = (-eJ sin e'sin+'cos*' + e ] (l-sin^e'sin^4>') 

ix y 

i i 

- E sin0'cos0'sin + ' ) ; — 

Z |n x s'| 

and 

1 i i 1 

E = (-E cos0 1 + E sin0'cos<|>' ) — : — 

1 x z | n x s 1 1 

i i * 

The fields E^ and E^ can be written in terms of E^ and 
x z y 

n o cos0' Hy + sin 0' cos<fr' si n 4>* E^ 
y y 




sin$* (n Q cos<j>' - cos 8 ' si n <fr ' E^) 
j y 

A A 2 

|n x s' | 


(K.6) 

(K.7) 

expressed as 

(K.8) 

(K.9) 

(K. 10) 
only such that 

(K.ll) 

(K.12) 
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Substituting (K.ll) and (K.12) into (K.8) through (K.10) yields 


e;, =o 


(K.13) 


A- A 

n x s' | 


(K.14) 


n H 1 
o y 


|n x s' 


(K. 15) 


where E^ and were defined in (4.4) and (4.42), respectively. 

Furthermore, the field components for the reflected field, that is, e£, 
r r 

E ( and E^ are given by 


sin9'cos<|)' + E^ sin9'sin<J>' - E^ cos9* 


(K. 16) 


'I- 


-cos 9 1 E^ + e£ sin9'cos<(i' 


n x s' | 


(K.17) 


E^ sin 9'sin<|>'cos<|>' + E** (1-sin 9'sin <fr' ) + E^ sin9'cos9 ' s i n <(> ' 
a y z 


eC = 


A A 

|n x s' | 


(K. 18) 


where 


E . = . 


r i r 

n 0 cos9' H - sin 0'cos^'si n 4»' E' 

J J 

T* I 2 
|n x s' | 


(K.19) 
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E_ r = 


sine' 


7 r TT 2 ' < E C cose'sln#' + n cos*' if) 

z |n x s' | y * 


(K.20) 


Substituting (K.19) and (K.20) into (K.16) through (K.18) yields 


E s’° 


(K.21) 




V$ 


n x s' 


(K.22) 




|n x s' | 

It follows from (6.3) and (6.4) that 


(K.23) 


E (x,y,z) = 





(V. 

Ra + R? 

E_u a 

V J 8 

2 


— — 


+ H cy u i "o 


Rh + Rh 


• i*-r ♦ 
jk • r 


jn x s' | 
(K.24) 


and 


.M ' ♦ 

jk • r 


E 1 (x,y ,z) = (uj E + n ^ H I ) 


A A 


cy 'o-i cy- |„ x s ,| 


(K.25) 


where 


r = ks r 


A A 


r=xx+yy+zz 


(K.26) 

(K.27) 
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Let r be the point of reflection (QR) on the x-z plane, that. is 


r = x x + z 
r r r 


(K.28) 


It follows from (K.28) that 


k - r r = -k(x sin9'cos<|>' - z cos9‘) 


(K.29) 


and 


+■ r r 
r = r p + s s 


where s r is the distance from the point of reflection QR to the 
observation point. Substituting (K.30) into (K.27). one obtains 


(K.30) 


r . 


x = x - s si n 9 cos $ 


y = s r si n0 ' sin«j>* 


z = z p - s cose' 


Solving for s r from (K.32) yields 
r y 


s = — : 


si n 9 * si n <J> ' 


y > 0 


It follows from (K.29) through (K.34) that 


r * 


(K.31) 

(K.32) 

(K.33) 


(K.34) 


r = k s r • r + s r k * ks ' • r + ks r = V • r n + ks r . (K.35) 


Finally, substituting (K.35) into (K.24), one gets 


T r *i 


E (s ) = E (QR) • R e 


^ iks r 


(K.36) 
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where 


E 1 (QR) ■ uj eJ (QR) + u A E} (QR) 


(K.37) 


and 



R a + R a 

< 

< 

Rh + Rh 

u, u, 

2 

♦ u i u i 

1 

ro 

1 


(K.38) 


Following the same procedure as above, it can be shown that the 
transmitted field can be written as follows: 

E^s 1 ) = E 1 (QR) . T e ikst 


( K . 39 ) 


where 


T = 


A i A i 

«a - RS 

< 

< 

Rh_ 

- Rh 

u, u L 

1 

CM 

1 

+ UjL U 1 


ro 

1 


(K.40) 


t , 


and s is the distance from (QR) to the observation point. 
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APPENDIX L 


RAY-FIXED COORDINATE SYSTEM FOR DIFFRACTED FIELD 

The ray fixed coordinate system for the diffracted fields is 
depicted in Figure 6.6. It follows from Equations (6.25) through (6.28) 
that 

s' = -x sin cos <J> ' - y sin 0 Q si n <(> ' + z cos = -R 1 

A A A 

*' = -x sin*' + y cos*' 

* I A I A I 

e' = X cos <J> ' cos + y COS0 O s i n 4>' + z sinB Q 

Therefore, the field components E^,, E 1 ^, and E^i can be expressed as 
follows : 

i i 1 i 1 i 1 

E s . = -E X sin P 0 cos <|> 1 - E y sinB Q si n <(>' + E^ cos B Q (L.4) 

£ \' * -eJ si n<t>‘ + Ey cos*' (L.5) 

E B' = E x cos<f> ' cos e o + E y cos e o S1n( * ,, + E z sin 0 o * (L.6) 

i • 

The field components E and E can be expressed in terms of E^ and 

''Jr Z Z 

only. Thus, it follows from (4.186) that 

i 1 

E x = sine 7 {n o sin *' H z ’ cose'cos*' eJ) (L.7) 


(L.l) 

(L.2) 

(L.3) 
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i 1 A A 

E y = " sTn? 7 K cos *' H z + cos0,sin ^' E z) (L.8) 

where 0' = ir - 0 Q . Substituting (L.7) and (L.8) into (L.4) - (L.6) 
yields 


E l- = 0 


'o H 1 


E V = 


sing. 


'S' “ Sins' 
o 


(L.9) 

(L . 10) 

(L.ll) 


AAA a a 

Next, the fields E°, E^, and E“ are computed. The unit vector s and 0 
depicted in Figure (L.l) can be expressed in terms of the spherical unit 

A A 

vectors R and 9 as follows: 


s = - R cos (8+0') + 0 sin (0+0') (L. 12 ) 

3 = - 0 cos ( 0+0 1 ) - R sin (9+8') . (L. 13) 


The point of diffraction QE is given by 
R sin(0+0‘) 

2 d ■ slnQ 1 • 0<8'<, (L.H) 


and s, which is the distance from the point of diffraction QE to the 
observation point (P), is equal to 


397 



Rs i n Q 

s = sine 7 » o < e* < ir 

It follows from (L.12) and (L.13) that 

E d = -E d cos ( 9+9 1 ) + E d si n ( 9+9 ' ) 
and 

E d = -E d si n ( 9+9 1 ) - Eg cos ( 9+9 1 ) 


Furthermore, it can be shown that 


E d = E d 
t R z 


cose'siner - 


cose + 


sine' 


E d = E d 
0 z 


“cose'cose 
si ne ' 


sine 


and 




n H u 
o z 


sine. 


Substituting (L.18) and (L.19) into ( L . 16 ) and (L.17) yields 
E s = 0 




sine. 


(L.15) 

(L.16) 

(L.17) 

(L.18) 

(L.19) 

(L.20) 

(L.21) 
(L. 22) 


Thus, the diffracted fields E d and E d 

<p 3 


are given by 
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" E f 


% 

-cos 8^ D d 2 


c° 

V 

-ikRcos(0+0' ) 

F d 


- cos6 o "al 

~d 


c 0 

G 

E 6 


D a 


E 0' 

2 2 

(1-sin 0'sin <fr) /p 


(L.23) 


Furthermore, it follows from (L. 14) and (L. 15) that 


E° e -ikRcos(9«') . E o e +1k z z d e 1ks , E 1 1 (flE) e lks 
<p 9 <p 


o -ikRcos(0+0') _ o +lk z z d iks _ F i , nF s iks 
tpi e - Eg, e e E^, ( QE ) e 


and 


a a 2 a * 2 2 2 

! n x s | = |y x s | = (1-sin 0'sin <|>) 


(L . 24) 
(L.25) 


(L. 26) 


/p = /Rsin0 = /sing' 

p o 


Rsin0 

sing' 


1/2 


/sing' /s’ 
o 


Substituting (L.24) - (L.27) into (L.23), one obtains 


(L.27) 


E d ,(s) 


"hi 

-cos 8^ D d 2 


E^. (QE) 

e -ik s 

E d B (s) 


-cos B ; ^ 

3* 


Eg. (QE) 

(L.28) 

/? 


where 

»h1 = 1/2 C ^ze + ^zo ( I ♦! .♦'.Bo )sl9n * 3 » 

1 » 1 , 2 , 

0 < * 0 < if , 

-it < <|» < ir (L.29) 
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^(♦.♦'.0 - 1/2 [ 5 £ ( l + UV . So ) 


+ Dzo ( I *| »♦' »0g)sign*] 


i = 1,2, 

0 < $ o < IT , 

-IT < $ < IT 


(L. 30) 


^ = { cos * Dy*(*,*',$ o ) [cos* 1 - (cos <(» + cos*') F^ 6 ] 

2 * ~rl h * q a a 

+ cos e 0 s i n 4>s i n «|> ' D yQ ( <j>* ,0 Q ) [1 - (cos* + cos*') F| e D}/ |n x s| 2 

(L.31) 


“ t sin * D yoU' > < M 0 )[cos*' " + cos<J>')Fj e ] 

+ cos* + (cos* + cos* 1 ) F^ e ] } / |n x s| 2 

(L.32) 

^ZO = { C0S, fr ^(♦'•♦.B^CCOS*' - (cos* + cos*')Fj e ] 

+ cos 2 8 Q sin* Dyg(*',*,0 o )[sin*' - (cos* + cos*' )F^ e ]}/|n x s| 2 

(L.33) 

°zo = t cos*sin*' Dyo(*',*,(Jg)[l - (cos* + cos*')F^ e ] 

+ sin* Dy®(*',*,$^)[-cos*' + (cos* + cos*’ )F| e ]}/|n x s| 2 

(L.34) 
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Dyg (+»+'» S 0 ) = 


m ~ ~ \/2 

_ e iir/4 (1 - R®)/2 [(sinC ae -cos*)(sin5 ae -cos*')] 


/25R sinB. 


( si n <)> + cos? ae ) 


•exp(-(J ae (<|»)+J ae (^ , ))/(2ir))»(sec($ /2)F(-KLa )+se(0~/2)F(-KLa")) 

(L. 35) 


Dyo(4>,4'»3 0 ) * 


_ e iw/4 (1 + R°)/2 [(sinC^-cosMsinS^-cosV )] 
/25k sinB ( si n 4 > + cos? 10 ) 


1/2 


•exp(-(^ 0 (4.)+3^ 0 (*'))/(2ir)).(sec(e72)F(-KLa')-se($ + /2)F(-KLa + )) 


(L. 36) 


2 1 

L = s sin 8 

o 


(L.37) 




cos 4> * F^ e + 2cos ^ 0 Q cos (^'/ZjsinCi)* ) F^ 6 


(L. 38) 


FfU'.&g) = cos#' F^ e + cos 2 0 o sin<j»' Fj e 


(L.39) 


I 


Ff (♦ , ,e 0 ) = Fj C - F)> c cos*'/s1n(* , /2) 


-ce P ce 


(L.40) 
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(L.41) 


F^ e ( ' » Sq ) = si n4>' F^ e - cos V F^ e 


I I 


A 


F r(V,e 0 )= sin$ o (sina o cos(fr' - icos$ 0 |A ce |/|B ce | )/|n x s'| 2 


(L.42) 


F| 6 ( 4> ' , e 0 ) = sinB 0 (sin3 0 cos^' + icos$ Q | A ce | / |§ ce | )/ |n xs'| 2 


I I I 


(L.43) 


F 2 e U'»e 0 ) : 


sine o cos^ ae (sin4» , +cosC ho )expC [J^ 0 (4»‘ )-J^ e (4>' ) ]/(2tt)) 


A A 


|n x s' | 2 k | § ce | ( si n 4> ' +cos 5 ae ) ( 1+si n $ Q cos £ ae ) 


• /2K ((sin£; ae -cos<|> l )/(sin5 ^0 -cos<|> , )) /si n <(> ' (L.44) 


,.^io ^' 2 


2sin(4>'/2) ( si n 4» ' +cos 5 ae )exp ( [ J ae ( 4> * )-J^°( 4 >' ) ]/(2tt)) 


F^U'.ej - - - ~u n • 

In x s' | 2 k|5 ce | (sin <|)'+cosC ho )( 1+si n6 o cosr°) 


/?T* ((sinl^-cosV )/(sin? ae -cos<j>' )) A ^/cosd 96 ) 


1/2 


(L.45) 
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(L.46) 


ng (?°, ? e ) = (?°. ?*) 

(?°, ?') . (?°, ?«) 

(?°, ? e ) . (?», ?«) 

Off (?°, ? e ) = -Sf (?°, ? e ) 


(L.47) 

(L.48) 

(U49) 
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p 



AAA A 

Figure L.l Relationship between the unit vectors 9, 3, R and s . 
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